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ABSTRACT
This thesis presents the development o f a comprehensive mathematical 
model for a scroll air motor, and energy efficiency analysis o f a scroll air 
motor based on the mathematical model.
The mathematical model includes the geometry, thermodynamics, and 
mechanics of a scroll air motor. Intrinsic equations are used to construct 
the scrolls. Green’s Theorem is used to calculate the chamber cross section 
areas. Newton’s second law of rotational motion is used to calculate the 
angular speed. First law of thermodynamics and compressible flow in an 
open control volume are used to calculate the dynamic processes. The 
model can be used to perform parametric study and optimise the design.
Based on the mathematic model, in conjunction with the definition of air 
power, the energy efficiency analysis for a scroll air motor is given in this 
thesis. As the benefit of the unique structure, a scroll air motor is able to 
utilise both transmission energy and expansion energy carried by 
compressed air, while a normal pneumatic actuator, such as pneumatic 
cylinders and vane type air motors, utilises the transmission energy only. 
And expansion energy takes more than 50% of compressed air energy, if 
the pressure is greater than 5 bar. The analysis shows that a scroll air motor 
is highly effective in energy conversion and is able to work at higher
I
energy efficiency than traditional pneumatic actuators under appropriate 
conditions.
An experimental system was built to validate the mathematical model and 
the experimental results are in agreement with those produced by 
simulation.
The results of the investigations and analysis are used to make 
recommendations for future study o f a scroll type air motor and its energy 
efficiency.
n
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Chapter 1 Introduction
C h a p t e r  1 
I n t r o d u c t i o n
1.1 Background of the research project
Compressed air, as a kind o f clean and safe energy, is widely used in all 
aspects o f modem industry. It is the most common gas used in industry, 
though nitrogen is occasionally used (Lin-Chen 2001). It is non-hazardous, 
readily available, can be stored easily and is convenient source of power 
for a range of machines and tools. Compared with hydraulic and electrical 
counterparts, pneumatic systems are environment friendly, cleaner, 
simpler, easier in maintenance and safer. They can work in harsh 
environments, work without sparks, stall without damages. In food, 
timber/wood, textile and other industries, where safety considerations, 
environmental constraints, high duty cycle or relatively low-precision 
profile following tasks are involved, pneumatic systems are the best choice 
of power. Nowadays, compressed air systems take up a significant part of 
the total electricity consumption in manufacturing industry. In 1998, in 
Japan, pneumatic systems consumed 10% to 20% of the total electricity 
supplied to factories, reaching 40 billion kilowatt hour (Cai & Kagawa 
2001). That was approximately 5% of the national total electricity 
consumed in Japan (Cai, Kawashima & Kagawa 2006). In 2006, Irish 
Energy Centre found approximately 10% of all electrical power in industry
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is employed in compressing air ('Compressed Air Case Studies' 2006). In 
2003, the Energy Institution found compressed air represented over 10% 
percent of all the industrial electricity consumed. It cost at least 5 Op per 
kwh at the point of generation ('Saving Energy in Compressed Air 
Systems' 2003). In Australia, Champion Compressor claims that around 
10 percent of the power generated is used to compress air ('Counting the 
cost of compressed air' 2006).
Customers are becoming aware that pneumatic actuators are comparatively 
expensive to operate due to its lower energy efficiency. In fact, energy 
efficiency of pneumatic actuators is often lower than 20%, which is much 
lower than its electrical counterparts, 60% (Cai, Kagawa & Kawashima 
2002). Users have realised that some irreversible processes, such as air 
leaks, frictions, pressure losses through dryers, filters, etc as well as 
improper settings and operation account for energy waste of pneumatic 
systems. Due to these affects, the end-to-end efficiency of a compressed air 
driven system is only around 10 percent ('Counting the cost of compressed 
air' 2006). It is very urgent to improve energy efficiency of pneumatic 
systems.
There are already some effective methods to save energy in compressed 
air. Intuitively, most users are making efforts in reducing air consumption 
of the pneumatic equipments in their plants (Yang et al. 2008a). Reducing 
leakage is the first option as it counts significant amount of energy in an
2
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industrial compressed air system, sometimes up to 20% - 30% of a 
compressor output ('Compressed Air Case Studies’ 2006). Air audit is used 
to measure air demand, so that compressors with proper size and proper 
site layout will be chosen ('Compressed Air Case Studies' 2006) ('Saving 
Energy in Compressed Air Systems' 2003) ('Counting the cost of 
compressed air' 2006). Optimal control algorithms provide energy saving 
methods without modifying hardware o f a pneumatic system (Ke et al. 
2005; Ke, Wang & Yang 2006). Secondly, using waste heat generated by 
compressors to supplement or reduce the demand on other forms of heating 
is feasible ('Saving Energy in Compressed Air Systems' 2003). Thirdly, 
effective utilisation of the exhaust air by improving drive systems can also 
save energy. (Yang et al. 2008a) reported by-pass valve control for 
asymmetric cylinder can save 12-28% in energy and improve control 
performance of the system.
Beside the above, using pneumatic actuators with high ability o f energy 
conversion such as scroll type air motor is another method to save energy 
(Gao Xiaojun et al. 2004; Yang, Wang & Ke 2006).
A scroll type air motor, also known as a scroll expander is a relatively new 
concept for pneumatic actuation. Its unique structure features it many 
advantages as well as higher energy efficiency than conventional 
pneumatic actuators, such as cylinders, vane-type air motors, and etc. The 
scroll technique is now mainly and widely implemented in air conditioner
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and refrigerator compressors, because its compact design matches the 
requirements of small, quiet, and highly efficient refrigeration 
compressors. Recently, the concept was re-invented to air motors. Instead 
of compressing air to raise pressure, the air motors or expanders release the 
high pressure air energy to a driving force, which makes it a suitable 
actuator for electric power generation.
Based on the air motor - generator technology, a new heating system called 
Micro Combined Heat and Power system (Micro CHP) was introduced by 
some manufacturers, such as Honda and Climate Energy ('Powergen 
MicroCHP’ 2005) (Mayer 2005) (Crozier & Jones 2002). Micro CHPs are 
used to generate electric power while heating a house and invert surplus 
electric power to the grid. It was claimed that up to 95% of available fuel 
energy can be used (Mayer 2005). British Gas had been testing the system 
in the UK. It is claimed that people can save £150-200 a year on combined 
gas and electricity bills, which is about a 20% reduction. Micro CHP 
system aligns with British government’s policy because there are 12 
million suitable homes in the UK and the system can help the people to 
reduce 33 million tones of CO2 annually. Because the advantages, scroll 
expanders are ideal drive for Micro CHP generators. Energetix Group 
introduced their new generation of UPS featuring scroll expander driven 
generator ('Pnu Power' 2006). Scroll air motors can also be used to recover 
work in fuel cells (Gao Xiaojun et al. 2004).
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Research on energy efficiency of a pneumatic actuator usually involves 
theoretical and experimental methods. Theoretical approaches can give a 
general idea and guide experimental activities. Furthermore, theoretical 
methods are much cheaper and less time consuming. A mathematical 
model represents a useful tool to “run experiments” under conditions and 
for scenarios that would be very difficult to create in a real experiment. 
However, not all physical effects can be counted in theoretical analysis. 
Experimental investigations are often expensive and time consuming, but 
offer the advantage of allowing for insight into the “real” performance 
characteristics of the pneumatic actuator. For a scroll air motor, there is not 
any publication regarding its energy efficiency analysis.
The objective of the research project described in this thesis was to develop 
a mathematical model for a scroll air motor and analyse its energy 
efficiency to find out the reason why scroll air motors are able to transform 
energy more efficiently than other pneumatic actuators and how working 
conditions affect its energy efficiency.
1.2 Introduction to scroll type air motors
A scroll air motor, also known as a scroll expander, is a relatively new 
concept for pneumatic actuation. Its unique structure leads the motors to 
demonstrate energy transformation in a good manner. In recent years, 
scroll air motors have been adopted by combined heat and power boilers,
5
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uninterrupted power supplies and some other energy storage systems 
as a new mechatronic device for energy conversion.
The scroll air motor’s geometry is one of the main factors influencing 
energy efficiency of the scroll air motor. In order to create a mathematical 
model for a scroll air motor, the geometry o f the scroll air motor has to be 
studied firstly and understood thoroughly. Because a scroll air motor is 
effectively a scroll air compressor working backwards, the geometric 
characteristics are same as a scroll air compressor. The most common 
shape for scroll wraps is the involute of a circle. Two methods were found 
to parameterise scrolls. One is to parameterise a spiral with involute angle; 
the other is to use tangential angle. Parametric equation approach were 
widely used to present scrolls (Bush et al. 1992) (Halm 1997) (Zhu 1994) 
(Lee & Wu 1995) (Chen 2000) (Liu et al. 1996) (Li 1998) (Li 2000). The 
second method is also call intrinsic equation method that relates the 
tangential angle with arc length. When this relation is a fonction, so that 
tangential angle is given as a function of arc length, certain properties 
become easy to manipulate. In particular, the derivative of the tangential 
angle with respect to arc length is equal to the curvature. Intrinsic 
equations exist in intrinsic coordinate system which is arguably not a true 
coordinate system, since it describes points on a curve relative to the curve 
itself rather than the space in which it belongs, and points not on the curve 
have no intrinsic coordinates. In this thesis, intrinsic equations are used to
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describe spirals and Green’s Theorem is used to calculate the volume in a 
chamber.
An equation specifies a curve in terms of intrinsic properties such as arc 
length, radius of curvature, and tangential angle instead o f with reference 
to artificial coordinate axes. Intrinsic equations are also called natural 
equations. It specifies a curve independent of any choice of coordinates or 
parameterisation. The study of natural equations began with the following 
problem: given two functions of one parameter, find the space curve for 
which the functions are the curvature and torsion.
Euler gave an integral solution for plane curves, which always have torsion. 
Call the angle between the tangent line to the curve and the x-axis the 
tangential angle, then
where r  is the torsion, are solved by the curve with parametric equations
</> =
where k  is the curvature, s is length o f arc. Then the equations
k = £ (s)
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The equations k = k (s) and r  = r ( s )  are called the natural or intrinsic
equations o f the space curve. An equation expressing a plane curve in 
terms of s and curvature, k , is called a Cesaro equation, and an equation 
expressing a plane curve in terms o f s and <t> is called a Whewell equation.
The investigation of dynamic behaviour of a scroll air motor is very 
important for analysing mechanical characteristics and energy efficiency. 
In order to establish a dynamic model of a scroll air motor, the force from 
compressed air applying on the scrolls and the motion o f the moving scroll 
have to be studied. It has to be said that establishing a model for the 
dynamic behaviour o f the moving part goes hand in hand with establishing 
a model for the pneumatic and thermal processes. Dynamic models usually 
include equations o f motion for the moving scroll and taking into account 
gas forces and friction forces. The motion o f a moving scroll is a rigid 
motion. And the orbit can be described by an intrinsic equation as the 
scrolls (Gravesen & Henriksen 2001).
A cycle from the inlet o f the central chamber to the exhaust generally
consists of a number o f phases/processes, which are not cascaded. The
working phases of a scroll air motor are charging phase, expansion phase,
and discharging phase. When the compressed air is connected to the air
inlet, the orbiting scroll wobbles. The first phase finishes when the central
chamber/charging chamber is divided into three parts with two of them to
have compressed air isolated from the air supply. The isolated chambers or
8
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pockets will form the consequent phases, expansion phase and discharging 
phase.
1 i
Figure 1.1. Working processes of a scroll air motor
As shown in Figure 1.1, the grey scroll is the fixed scroll and the black one 
is moving scroll that travels along the orbit anticlockwise when 
compressed air comes into chamber 1 through the inlet in the centre. Each 
scroll is fitted to a back plate. As the moving scroll travels along the circle 
orbit, these two scrolls keep contacting at some points, so that there are 
even number of crescent chambers. When a scroll air motor is in motion, it
9
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goes successively and repeatedly through the four states shown in the 
figure following the arrows.
The Charging process starts when compressed air goes into the central 
chamber of a scroll air motor through the inlet until the central chamber 
separates into a pair of side chambers. In Figure 1.1, the charging phase 
starts at the point shown in the upper left diagram of the figure, when 
compressed air starts entering the central chamber marked “1”, the deep 
grey chamber. There are now four sealed chambers, “2A”, “2B”, “3A”, and 
“3B”. After one quarter of a cycle, the scroll air motor comes to the upper 
right diagram in, the chamber “1” is getting bigger; chamber “2A”, “2B”, 
“3A”, and “3B” have rotated anticlockwise and increased in size. It 
continues through another two quarters of cycle. Then after one complete 
cycle, the air motor comes back to the diagram in upper right. But the gas 
started life in chamber “1” is now partially in chamber “2A” and “2B” and 
got sealed. The inlet was modelled by orifice theory (Wolansky, 
Nagohosian & Henke 1977). And the dynamics in the central chamber 
were modelled by behaviours o f a control volume.
The expansion process occurs immediately after the charging process. The 
compressed air is sealed in the pair o f side chambers and pushes the 
moving scroll to move outwards resulting in increase in chamber volume. 
In Figure 1.1, after the air is sealed in chambers “2A” and “2B” of the 
upper left diagram, it starts to expand. As the air motor continues through
10
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the second cycle, the air in chamber “2A” and “2B” expand and end up 
going into chamber “3A” and “3B”.
The expansion process can be described by an isentropic process, relating 
the pressure directly to the expansion chamber volume. However, in the 
real world, the process is much more complicated than that due to leakage, 
heat transfer, etc (Halm 1997). Leakage was modelled by air flow through 
restrictions. The first law of thermodynamics was applied to the expansion 
chambers in order to calculate the air properties as a Sanction o f the 
orbiting angle.
The discharging process is the last working process for a scroll air motor. It 
starts when the expansion chambers open to the chamber closed by the 
housing and connecting to atmosphere via the outlet. Chambers “3A” and 
“3B” in the two lower diagrams of Figure 1.1 are discharging. This process 
is the reverse of the charging process, so the equations used in the 
modelling charging process are appropriate with varying port widths.
Leakage in a scroll air motor can create significant losses. Usually there are 
two different paths for leakage in a scroll air motor. One is the path formed 
by a gap between the bottom or the top plate and the scrolls. This kind of 
leakage is called radial leakage. Another path is formed by a gap between 
the flanks o f the two scrolls and is called flank or tangential leakage. The 
models used to describe leakage differ from each other in terms o f flow
11
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path and flow characteristics assumed. Some models use an isentropic 
diverging converging nozzle to describe flank leakage flow. It was reported 
that when the flank clearance exceeded 0.1mm, the volumetric efficiency 
decreased 87.5% (Tojo 1980). A greater impact of radial leakage than flank 
leakage was found. The radial leakage was modelled as the flow between 
two plates. Navier-Stoke equation can also be used to calculate detailed 
flow field in a clearance (Yong 1994).
Friction is a natural resistance to relative motion between two contacting 
bodies. It presents in parts with relative motions in every machine. The 
presence of nonlinear friction forces is unavoidable. In pneumatic actuator 
systems, friction, both static and dynamic, plays a very important roll. The 
friction model has been widely studied by numerous researchers, who tried 
to understand its physics and dynamics (Lin-Chen 2001). It was found that 
friction might occur at many locations, such as main bearings, crank 
bearings, sub bearings, moving and fixed scrolls, coupling, shaft etc 
(Hayano et al. 1988). In fact, friction analysis is very complicated and may 
be modelled by a forty element equation (Lee & Wu 1995). However the 
purpose of this research was not to create an accurate model. To simplify 
the analysis, a simplified friction model introduced by (Lin-Chen 2001) 
and (Wang et al. 1998) was adopted. It includes kinetic friction and static 
friction. Furthermore, kinetic friction is more important for the project as it 
stands for the friction loss when a scroll air motor is running.
12
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Air energy refers to the power transmitted by flowing compressed air. 
Traditionally, air volume and its flow rate are used to represent air 
consumption. Although the same method is applicable to hydraulics, it is 
not appropriate for pneumatics because it is compressible unlike oils. The 
proposal of air power was introduced by Maolin Cai et al (Cai & Kagawa
2001) (Cai, Kawashima & Kagawa 2006) (Cai, Kagawa & Kawashima
2002) . The properties o f air power including composition, temperature, 
kinetic energy and power loss factors are considered. Air power is defined 
as a property of compressed air using a thermodynamics item, exergy, to 
derive a general equation. Air power is investigated in terms of the energy 
conversion for the state change of air. Two parts of air power are defined; 
transmission power and expansion power, with expansion power usually 
the larger o f the two. Temperature and kinetic energy can generally be 
neglected when calculating air power.
In this project, the air power proposal was used to calculate air power at 
inlet and outlet o f a scroll air motor to calculate the energy conversion 
ability of the scroll air motor.
Besides the above, there are some other aspects existing in real life. Such 
as noise (Ishii et al. 1986) (Ishii et al. 1988) , vibration, fluid dynamics 
(Rodger & Wanger 1990), etc. The purpose o f the project was to explain in 
general why a scroll air motor has high energy efficiency rather than create
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an accurate mathematical model for a scroll air motor. Thus these aspects 
were ignored in the study.
1.3 Experimental bench
Research on energy efficiency of a scroll type air motor also involves 
experimental investigation for validation. Unfortunately, only a little 
experimental information about scroll type air motor has been published. 
The characteristics o f a C-E, Compressor-Expander, system was studied by 
(Gao Xiaojun et al. 2004), where a scroll air motor was acting as a 
expander to covert pneumatic energy generated by a compressor into 
mechanic power output. The output work of the scroll expander was 
figured out as the differential value o f the electric power consumed by the 
compressor working alone and the power consumed by the C-E system. 
The comparison of theoretical value and practical value was also given.
Figure 1.2 An air motor/compressor-DC generator/motor system
14
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Experiments on rotary pneumatic actuators, such as vane type air motor, 
have been done and published. Optical encoders were used to measure the 
angular speed of the vane type air motor (Wang et al. 1998) to validate the 
model of the simplified vane type air motor.
An experiment system of the hybrid Compressed Air and Supercapacitors 
Energy Storage (CASCES) system, Figure 1.2, was presented to measure 
the energy efficiency and to implement the Maximum Efficiency Point 
Tracking algorithm (Lemofbuet et al.). The system consists of a vane type 
air motor/compressor, a DC generator/motor, air storage, and power 
electric interface. The idea is implemented in the context o f an off-line 
UPS system.
A complex experimental system measuring the dynamic status of the scroll 
type air compressor used to validate the mathematical model was presented 
by (Chen 2000). In the system, six pressure transducers, six thermocouples, 
and a photo-electric position sensor are installed on the fixed scroll to 
measure the dynamics of the scroll compressor.
1.4 Objectives of the project and contribution
When Energetix group was developing a new generation of environment 
friendly UPS, among the air motors used in the experiments, it was found 
that the scroll type air motor had higher energy efficiency than others. The 
project was inspired by the experiments and the purpose was to analyse the
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energy efficiency of a scroll air motor and find out the reason why it is able 
to transform energy efficiently.
The mathematical model is entirely based on a physical and mechanic 
basis. The model was validated through experiments. The energy 
efficiency analysis was based on the model. In details, the following tasks 
were conducted:
• Develop the mathematical model o f a scroll type o f air motors, which
represents the mechanical structure and the dynamic processes of a 
scroll motor
o Describe the scrolls with intrinsic equations 
o Define air motor chambers 
o Calculate volumes of various air motor chambers 
o Analyse effects o f wall thickness on the volumes o f the 
chambers and expansion ratio 
o Define working phases
o Analyse load dynamics and dynamic relationship inside the 
chambers
o Implement the mathematical model in Matlab/Simulink 
environment with a user friendly interface
• Investigate the characteristics o f a scroll type air motor and energy
efficiency
16
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o Analyse the energy efficiency of a scroll air motor using the 
model
o Explain how a scroll air motor utilises compressed air energy 
• Validate the model through experiments
o Design and construct the test rig 
o Make a scroll compressor into a scroll air motor 
o Instrument the experimental system 
o Record the data 
o Validate the model
Figure 1.3 Project approach
17
Chapter 1 Introduction
The approach of the project is shown in Figure 1.3. The mathematical 
model is comprehensive and generic. It includes geometric model, motion 
analysis, leakage model, friction model, and dynamic model.
The geometric model includes the physical parameters that greatly affect 
energy efficiency of a scroll air motor. The shapes of moving scroll and 
fixed scroll as well as housing and ports are studied in this part. Both fixed 
and orbiting scrolls are modelled by intrinsic equations, in which the radius 
o f curvature is considered as a function of tangent direction and all relevant 
geometrical quantities can be described in a closed analytical form. The 
scroll wall thickness can be either constant or variable, so that the model 
can be used for parametric study. The volume of a chamber is expressed as 
a function of the orbiting angle. For a scroll machine, leakage is not 
negligible. There are two kinds o f leakage in a scroll air motor, flank 
leakage and radial leakage. They were both modelled. Motion analysis 
considers the motion of the orbiting scroll, so that the force generated by 
compressed gas is modelled as a function of orbiting angle and air pressure 
inside the chambers. Friction of a scroll machine is very complicated and 
may be represented by high order equations. To simplify the analysis, a 
friction model considering static and kinetic friction was used and 
modelled.
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In order to validate the generic mathematical model of a scroll air motor, a 
test rig was designed and constructed. The model was specified with the 
measured parameters of the air motor used for validation.
With the mathematical model and the air power proposal introduced by 
(Cai & Kagawa 2001), the energy efficiency is analysed.
1.5 Thesis organisation
There are eight chapters in this thesis. The organisation is as follows:
Chapter 1 presents project background and objectives. Statistics of energy 
consumption by pneumatic devices is given to weigh up the importance of 
improving energy efficiency of pneumatic systems.
Chapter 2 reviews the history of pneumatic actuator system development 
and modelling, including basic physics and fundamentals for a pneumatic 
actuator system.
Chapter 3 presents a mathematical model o f a vane type air motor using the 
theories studied in Chapter 2 as the preparation work for modelling a scroll 
type air motor.
Chapter 4 describes how to construct the geometry model o f a scroll air 
motor. The scrolls are described with intrinsic equations. The scroll wall 
thickness can be either constant or variable for parametric study. Green’s
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Theorem is used to calculate the cross section area of the chambers. The 
volume of chamber is expressed as a function of the orbiting angle.
Chapter 5 presents the analysis o f the dynamics of a scroll air motor, 
including the leakage model, friction model, and motion analysis. Together 
with the geometric model given in Chapter 4, the overall model o f a scroll 
air motor comes into being. And the simulation results are also included.
Chapter 6 introduces the definition of air power. Energy efficiency of a 
scroll air motor is analysed using the definition of air power and the 
mathematical model.
Chapter 7 describes the experimental system and model validation. The 
details of the test bench are included. The measurements of the scroll air 
motor used for validation are given. The experimental data were compared 
with the simulation results to validate the model.
Chapter 8 is the summary of the project and further discussion based on the 
results of the project.
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C h a p t e r 2
L i t e r a t u r e  R e v i e w  - M a t h e m a t i c a l  
M o d e l l i n g  o f  P n e u m a t i c  A c t u a t o r  
S y s t e m s
Chapter 2 Literature Review - Mathematical Modelling of Pneumatic
Actuator Systems
The literature review gives an overview of standard pneumatic systems and 
theoretical modelling of pneumatic systems. The fundamentals of 
pneumatic actuator systems and fluid dynamic theory are studied.
2.1 Description of pneumatic actuator systems
P ressure gauge
Figure 2.1 A typical pneumatic system layout
A pneumatic actuator system generally consists o f compressed air supply, 
control valves, pneumatic actuators and miscellaneous parts, such as pipes 
and lubricators. A typical example is shown in Figure 2.1, which includes 
an air compressor, an air receiver, a proportional control valve, an air 
motor, and other pneumatic devices.
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The components of the pneumatic system in Figure 2.1 can be classified 
into four groups, compressed air equipment, valves, actuators, and 
miscellaneous parts.
2.1.1 Compressed air equipment
Most pneumatic systems use compressed air as the operating medium. 
Compressed air equipment normally includes air compressors, air receivers, 
and air treatment devices, such as air filters, regulators, etc.
An air compressor is used to generate compressed air. A good quality 
compressed air supply is very important for a pneumatic system. The 
compressor increases air pressure by reducing its volume. There are many 
types o f air compressors, such as piston compressors, screw compressors, 
rotary compressors, and dynamic compressors.
An air receiver is used to store high pressure air, which is generated by the 
compressor, to provide constant supply pressure and/or flow rate. It is also 
called air reservoir or air tank.
In order to provide reliable and effective operation o f pneumatic systems, 
the following units are used in a system.
(1) Filter: The air leaving the compressor can be hot, and contains 
contaminants, such as oil, moisture and dust particles. A filter
Chapter 2 Literature Review - Mathematical Modelling o f Pneumatic
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separates and collects liquid droplets and solid particles that are 
present in the air flow through the filter.
(2) Regulator: Generally, the air pressure from the supply is set to be 
greater than the required. A pressure regulator is used to keep the 
pressure constant regardless o f the flow.
(3) Lubricator: In order to reduce wear and frictional losses, a lubricator 
adds adequate amount of lubricant to the compressed air before it 
goes into sliding parts in the system, such as valves, cylinders, air 
motors.
(4) Service Units: The term service unit is used for the combination of 
filter, moisture separator, pressure regulator, pressure indicator. Such 
combinations are frequently required for a pneumatic system.
2.1.2 Control valves
The primary function o f valves is to regulate the flow of a fluid, such as 
gases, fluidized solids, slurries, or liquids, by opening, closing, or partially 
obstructing various passageways. Additionally, the valve can be used as a 
power element for the supply of working fluid to the actuator. Valves can 
be divided into two groups, variable position valve and finite position 
valve.
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A variable position valve can take any position between fully open and 
closed. It can be used to modulate air flow or pressure. A servo valve is 
one example in this category. A finite position valve can take a number of 
discrete positions between fully open and closed positions. An on-off valve 
is one example of finite position valve.
2.1.3 Actuators
An actuator is a device used to apply force to an object, and hence possible 
motion of that object (Wolansky, Nagohosian & Henke 1977). Pneumatic 
actuators have been widely used in applications for applying forces and for 
positioning, including simple speed control in industrial processes and 
automation. Pneumatic actuators can be classified in two groups, linear 
actuator and rotary actuator.
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Linear actuators are used to move an object or apply a force in a straight 
line. It is one of the most important types of actuators used in industry. It
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can be divided into two types, single-acting cylinders and double-acting 
cylinders. A single-acting cylinder, Figure 2.2, is only powered for one 
direction. Compressed gas is applied on only one side o f the piston to force 
the piston to move in one direction, while the other side of the piston is 
open to the atmosphere. The piston returns back in the other direction by 
the force of an internal spring or some external force. Double-acting 
cylinders, Figure 2.3, have similar structure to single-acting ones, but no 
return springs. Two ports are used as inlet and outlet in turn. Therefore, the 
cylinder is able to carry out work in both directions.
air inlet/outlet air inlet/outlet
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Rotary actuators are used to move an object in a particular path. Rotary 
actuators are the pneumatic equivalent of electric motors. Vane type air 
motors are an example of rotary pneumatic actuator. So is a scroll type air 
motor.
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Figure 2.4 GAST 4AM-FRV-13C vane type air motor
2.2 Basic physics for pneumatic actuator systems
2.2.1 Enthalpy, internal energy, and specific heat
A corollary of the first law of thermodynamics states that if a closed 
system executes a non-cyclic process, then the difference between the heat 
transfer to the system, Q , and the work done by the system, W , is equal to 
the change in the internal energy of the system, AC/, that is
Q — W = AU  (2.1)
The enthalpy H  for a mass of fluid in equilibrium is defines (Blackburn, 
Reethof & Shearer 1960; Dehoflf 1993)
H  =  U  +  p V  (2.2)
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where p  and V are the pressure and volume, respectively. Enthalpy can 
be used to calculate the "useful" work obtainable from a closed 
thermodynamic system under constant pressure and entropy. It is also a 
property that is the change of enthalpy between two states depends only on 
the end states and not upon the process between the states. The specific 
enthalpy h , the enthalpy for unit mass, is given by
h = u + pVss (2.3)
where u is the specific internal energy and Vss is the specific volume.
Having defined internal energy and enthalpy, the specific heat at constant 
volume, Cv, and the specific heat at constant pressure, Cp, can be defined 
as (Winnick 1997)
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du
~ d T
c„
_ dh
P ~ dT
(2.4)
where T  is absolute temperature. Cv and C have the below relationship.
Cp = CV +R
c p/ c v = r
(2.5)
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2.2.2 Total temperature
If a gas has a temperature T  when moving at velocity of U , then the 
stagnant temperature, or total temperature, Tt . When the gas is brought to 
rest adiabatically (no heat transfer) is given by
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2.2.3 Equation of state
Tt =T + (2 .6)
The thermodynamic state of a fluid in equilibrium can be determined from 
knowledge of two independent properties. In general, no simple algebra 
equation, termed an equation of state, can be found which covers all 
possible states o f a fluid. However, for a perfect gas, such an expression 
does exist, and the equation o f state is (Wolansky, Nagohosian & Henke 
1977)
pV  = mRT 
pVa = B T
where R is the gas constant.
(2.7)
2.2.4 Reversible process
If a fluid undergoes a reversible process, then both the fluid and its 
surroundings can be restored to their original state. This implies that there 
are no friction effects and the temperature and the pressure difference
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between the fluid and the surroundings are infinitesimally small. Although 
a reversible process is physically impossible, the concept of reversible is 
used extensively in thermodynamics.
2.2.5 The steady flow energy equation
When there is a steady flow of fluid through a control volume, then the 
application o f the first law o f thermodynamics results in the steady flow 
energy equation. A control volume is any volume of fixed shape and 
position and is bounded by a control surface across which fluid can flow.
If Q is the heat transfer across the control surface and W is the external 
work done then the steady flow energy equation for a pure substance 
(neglecting capillary, electrical, and magnetic effects) is (Goldstein & 
Goldstein 1993)
Q - W  = MA(h + U2/2  + gZ) (2.8)
where g  is gravitational acceleration, Z denotes height, and M  is the 
mass of fluid.
When the change of temperature is small, then the change in internal 
energy is negligible and equation (2.8) can be simplified to give
Q - W  = M&[PVSS+U2 !2 + gZ} (2.9)
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If both W and Q are zero and there are no energy losses, then equation
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(2.9) reduces to the Bernoulli equation.
When friction losses occur, this is manifested as a change in the internal 
energy. For the case where there is steady adiabatic flow in a pipe with 
friction, equation (2.8) becomes
Figure 2.5 illustrates steady flow o f compressible flow through a tube or a 
nozzle. p x stands for upstream pressure; p 2 stands for downstream 
pressure; U stands for the air flow speed at the exit of the nozzle. This 
kind of flow process does not involve work transfer or heat transfer, i.e. 
Q = W -  0 , and negligible change in height (Andersen 1976). Applying 
the energy equation to the system, then
a (p V„+U /2  + g z ] = energy loss (2.10)
2.2.6 Compressible flow through an orifice
Figure 2.5 Air flow through an orifice
H S = H  +  U 2/ 2 (2 . 11)
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H  stands for the enthalpy. H s is the stagnation enthalpy. U 212 is the 
kinetic energy.
If the fluid is perfect gas, then equation (2.11) can be rewritten using 
equation (2.4) to give
CPTS =CPT + U / 2 (2.12)
Because Cp =CV + R and CP!C V = y , then the following can be derived 
Cp -  yR{y - 1), y represents ratio of specific heat, R is gas constant. 
Thus (2.12) becomes
r  +  i / 2 / 2
y - l  y - \  v ;
Assuming the fluid is isentropic (reversible adiabatic, or, no heat would be 
gained or lost during an isentropic process) (Kane & Stemheim 1980), and 
then it stands that
E ± J  £ l T  = ( h
Pi Ia J l7! 
P\ = PxRTx 
Pi = PlRT2
So, from (2.13), it can be derived that
(2.14)
u  = 1 - " P i '
YZl"
Y
i
Y ~  1 I p . J
(2.15)
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If the velocity is assumed to be uniform across the section, the mass flow 
rate through a restriction is given by
M  = pAU  (2.16)
where A is the cross section area o f the restriction.
From equations (2.13) through (2.16),
(2.17)
To obtain the pressure ratio corresponding to the maximum mass flow rate, 
differentiate (2.17) with the respect to p 21 p x and set the derivative equal 
to zero. This gives the critical pressure ratio cr (Wolansky, Nagohosian & 
Henke 1977):
f  P i ' f  2  1I a J <?v l r + i j
(2.18)
Substituting this value into equation (2.15) gives the critical velocity
Ucr = jyR T  (2.19)
This is the equation for the speed of sound at temperature T . It indicates 
that, for a given value o f total pressure and temperature, the maximum
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mass flow that can be passed through any area occurs at the local speed of 
sound. Under maximum flow conditions, sonic velocity is attained at the 
throat of the nozzle. If the backpressure is reduced below the critical 
pressure, then there is no increase in mass flow and the nozzle is said to be 
chocked.
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Substituting equation (2.19) into equation (2.17) gives the critical mass 
flow rate:
P\ A
j f  H
n '  2 ^
r+i
r-i
R\, r + i j
= c,
Pi A
y f f
(2.20)
where
N  —
V-i
R \ r + \
(2 .21)
Dividing equation (2.17) by equation (2.20), the following can be derived:
i _
/+! " 2 r+i"]
M 2 '  y  + 1 V-i f Pi 1r f \Pi r
K Y~  1 l  2 J I a J I a J
i
f  P i ' r ( P i '
[ P i ) I a  J
(2 .22)
where ck -
" r+i "1
2 f y + l ] r-1
i--
--
- i KJ
i_
2
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Equation (2.23) is strictly valid at any point in a flowing gas.
2.2.7 Mathematical model of a three way spool gas servo valve
Equation (2.23) is commonly used to describe the characteristics of gas 
flow through nozzles, orifices and valves. It is correct provided that the 
total pressure, total temperature, and static pressure are known at some area 
in the restriction across which the velocity is constant.
Assuming supply and exhaust pressures are constant, then each port of the 
control valves acts like a standard orifice. Hence, p x , p 2 and T  in 
equation (2.23) can be considered as p u , p d and Tu respectively. 
According to standard orifice theory, the mass flow rate through a valve 
orifice takes the form (Andersen 1976; Blackburn, Reethof & Shearer 
1960; Burrows & Webb 1967; Wang et al. 1998)
Then
(2.23)
M  = cdc » X ^ X p J ( p r) l J F . (2.24)
where p r = p u/ p d
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with respect to p r.
For a valve component, the inputs to the valve are supply pressure and 
valve displacement. The output is the mass flow rate. A three way spool 
valve contains a pressure port, an exhaust port, and a device port (Figure
2.6 a). p s and p e are pressure of air supply and exhaust, respectively. X
is the valve spool displacement. The arrow indicates the positive direction 
of the spool displacement. The pressure port connects to an air supply. The 
device port connects to an actuator, such as cylinders. When the valve is 
closed, there is no air flow through the valve. When it is open and in 
charging status, compressed air goes from air supply through the valve to 
charge the actuator (Figure 2.6 b). Now, the spool displacement is a 
positive value. If the valve is in discharging status, air in the actuator goes 
through the valve to atmosphere (Figure 2.6 c). In this status, spool 
displacement is a negative value.
It can be shown that the function f { p r ) and its derivative are continuous
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Figure 2.6 Diagram of a three-way proportional valve.
When it is charging a chamber with constant supply pressure (Figure 2.6 
b), p u = p s, p d = Px, p r = p j  p s . Thus, equation (2.24) becomes
M  = cdcoX ma, x P s f{p r)l JTS (2.26)
where
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f (Pr)  =
' . ( p r - p ^ ' T
max
<Pr <cr
(Pu)
cr <Pr<  1
Introducing a reference mass flow rate, assuming p s is constant and
Ps »  P \, so p r = 1, then
^max = cdc0X mmX mmp j { p r)/ JF' (2.27) 
Then equation (2.24) can be converted to dimensionless form as shown 
below
M X
^  max ^  max
f iP r )
(2.28)
= Xf{Pr)
When it is exhausting a chamber with constant exhaust pressure (Figure
2.6 c), p u = p 2, p d = p e, p r = p j p 2.
M X  p 2
M ~~ ^ m ax Ps
f(Pr)
= % —  f{Pr)
Ps
(2.29)
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Three-way pneumatic spool valve characteristics
Figure 2.7. Three-way pneumatic spool valve characteristics
Figure 2.7 shows the characteristics when a chamber is being charged, 
where p s is a constant of 6 x l0 5(Pa) and the valve displacement is 
positive. When a chamber is being discharged, where p e is a constant of 
1x10s Pascal and the valve displacement is negative.
For compressible flow, gas, through a given orifice there is a definite 
maximum value for the mass flow rate and it occurs when the ratio of the 
downstream to upstream pressure reaches a value o f 0.528 ( c ,).
When the ratio is less than cr , the nozzle is said to be chocked, and the 
value of the pressure at which this occurs is known as the critical pressure.
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When chocked flow occurs the fluid is moving at the speed o f sound at the 
throat of the nozzle, where the throat is defined as the minimum cross- 
sectional area o f the nozzle. Any further reduction in the downstream 
pressure will not propagate to the nozzle since flow travels at sonic 
velocity.
When flow is exhausting through the valve to the atmosphere, the 
characteristics are represented by straight lines, after a small initial curved 
portion. In the straight-line region, flow is chocked, but as the upstream 
pressure is increased the flow through the valve increases.
2.2.8 Mathematical model of a control volume
For a control volume, the inputs are mass flow rate from the valve and the 
volume o f the chamber, and the output is the pressure of the chamber. The 
model for the mass flow into a chamber can be obtained from the energy 
conservation equation for the control volume bounded by the walls. 
According to the first law of thermodynamics, the control volume energy is 
given by Cvp V T , where p  is the air density, Cv is the specific heat o f air 
at constant volume, V is chamber volume and T  is air temperature. 
Assuming the air flowing into the control volume to be an adiabatic 
process of a perfect gas, the change in energy due to the mass transfer 
equals (Blackburn, Reethof & Shearer 1960; Wolansky, Nagohosian & 
Henke 1977)
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4 - (CvpV r) = mCpT - p V  (2.30)
at
mCpT  is the change in internal gas energy, and p V  is the work done by 
the control volume. According to standard practice, the gas kinetic energy 
term can be neglected since it is small.
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>
piston
Figure 2.8 Diagram of a control volume
For an ideal gas, the state equation is p  = R p T , where p  can be cancelled 
by substituting the equation into equation (2.30). Then it becomes
p  dV  1 d , A  
CPT dt yRT dt ’
(2.31)
where y  is the ratio o f specific heats for air at the temperature T . For 
perfect gas
!-_L J_
R ~ CP yR
Thus the mass flow rate
(2.32)
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From equation (2.33), the state function of the control volume pressure can 
be derived as
From equation (2.34), it can be seen that the pressure change o f a control 
volume is a function of its volume, gas temperature, and the mass flow rate.
2.3 Summary
Pneumatic fundamentals and modelling of a pneumatic actuator system are 
studied in this chapter. The theories and equations mentioned are used to 
describe the dynamics inside a scroll air motor in the following chapters.
(2.33)
RT
(2.34)
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C ha p t e r 3
M a t h e m a t i c a l  M o d e l  o f  a V a n e  
T y p e  A i r  M o t o r
A mathematical model o f a vane type air motor was studied using the 
knowledge introduced in Chapter 2 as preparation work before studying 
the scroll type air motor.
A typical vane type air motor with four vanes is schematically shown in 
Figure 3.1. The rotating element is a slotted rotor that is mounted on a 
driving shaft. Each slot o f the rotor is fitted with a freely sliding 
rectangular vane. The rotor and vanes are enclosed in the housing, the
U |_ _LU  L
isolating region
Figure 3.1. A vane type air motor with four vanes
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inner surface of which is offset from the drive shaft axis. When the rotor is 
in motion, the vanes tend to slide outward due to centrifugal force. The 
distance that the vanes slide is limited by the shape of the rotor housing. 
The vane in the isolating region divides the volume inside the air motor 
into two parts, Chamber A and Chamber B with four sections. There is a 
port on Chamber A and Chamber B respectively. The two ports may be 
alternatively used as inlet and outlet, thus providing rotation in either 
direction. The symbol e in the figure stands for eccentricity. B stands for 
the radius of the housing.
Depending on the flow direction, it can rotate in the way o f either 
clockwise or anticlockwise. For example, if the port on the left of the air 
motor connects to air supply, and Chamber B is open to atmosphere, when 
compressed air goes into Chamber A, the air pressure in Chamber A is 
greater than that in Chamber B. The difference of air pressure generates 
forces on the vane in the isolating region providing the torque required to 
rotate the shaft. Hence, the rotor will turn counter clockwise. Each vane, in 
turn enters the isolating region and the rotor turns continuously. The 
potential energy of the compressed air is thus converted into mechanical 
energy in the form of rotary motion and torque. The air is exhausted to 
atmosphere with reduced pressure level comparing with the pressure at the 
inlet. The shaft of the motor is connected to the unit to be actuated.
43
Chapter 3 Mathematical Model of a Vane Type Air Motor
3.1 Geometry structure of a vane type air motor
Figure 3.2 Simplified vane motor structure
In order to carry out a basic analysis, a simplified structure is introduced in 
Figure 3.2, where B is the radius of motor body (housing), e is the 
eccentricity, r is the rotor radius, a  is the angle between the lower end of 
the connecting slot and the horizon, <j> is the motor rotating angle.
As shown in Figure 3.1 and Figure 3.2, when Chamber A is the drive 
chamber, assuming the pressure in the isolated area is the same as the 
pressure in the drive chamber and that the volume of the isolated area, Vm , 
belongs to the drive chamber. Then the motor is driven by the torque 
difference between the drive chamber and the exhaust chamber.
Assuming the rotor is tangent to the housing at the top of the rotor (point
A), then the torque that drives the rotor should be produced by the
pressures applying on the vane, known as valid vane, that is next to, in the
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opposite direction of rotation, the latest vane that has passed the critical 
point from the driving chamber into the exhaust chamber.
The symbol <j) stands for motor rotating angle. If the initial condition 
is <j> = 0 , when Chamber A is the drive chamber, the range o f <f> should 
be[0, +°o) . When Chamber B is the drive chamber, the range o f <j> should 
be [0, -oo). In the computations, such ranges cannot be employed, because
a valid vane only travels in the range of[— - a  -  —  , — where n is
2 n 2
the number of vanes. Hence, the angle between the balance point and the 
valid vane is the valid angle, denoted by <j)vaUd . The angle is the base of the 
further analysis.
The relationship between <f> and </>valid is given by
(3.1)
valid
and
(3.2)
where
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</>e
n  2 n
-----cc H------ ,+oo
2 n
i n
rem <j)------v a ,2 n ln
V 2
stands for the remainder of
, nó ----- va
2
2 n  
n
n stands for the number of vanes
The working radius measured from the rotor centre of a drive vane is given 
by
xa = ecos</>val,d + > 2 - e 2 sin2 <j>valid (3.3)
3.2 Drive torque and load dynamics
The drive torque is determined by the difference of the torque acting on the 
drive vane. Assuming the length o f the lever arm is
Then drive torque is given by
M  = {pa ~ p b X*a -  rX *a + r)L 12
= {Pa~Pb)
• (e2 cos2^a,id + 2Becos(f>valid + B 2 - r 2 ) |
(3.4)
(3.5)
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M  strands for the drive torque. p a stands for the pressure in Chamber A. 
p h stands for the pressure in Chamber B. L is the vane active length in the 
axial direction.
Number of Vane = 4
Angle (*)
Number of Vane = 8
Number of Vane = 6
Angle (n)
Number of Vane = 12
Angle (n) Angle (n)
Figure 3.3 Dynamic drive torque
Figure 3.3 shows the relation between dynamic drive torque and the 
number of vanes with the geometric parameters o f L = 44.5mm , 
B = 36.5mm, e = 4mm , r = B —e and the pressure difference on a drive 
vane is 6 bar. From the figure, it can be seen that increasing the number of 
vanes results in less maximum torque and shorter period. Meanwhile, the 
minimal torque remains same. That can be explained such that the maximal
47
Chapter 3 Mathematical Model o f a Vane Type Air Motor
torque occurs where the valid angle is---- a -------, and the minimal torque
2 n
71
occurs where the valid angle is — -  a  .
The value of torque rises sharply and immediately after the trough points, 
i.e. the curves are not continuous at these points. This is caused by the 
assumption that a vane does not generate any torque immediately after it 
passes the critical point until the next period. However, that is not true in 
real life. Fourier approximation can be used to make it continuous (Wang 
etal. 1998).
Applying Newton’s second law of angular motion to the actuation system, 
the dynamic behaviour o f the system can be expressed by the following 
equation:
M - M cS(<f>)-Mf </> = J</> (3.6)
M c stands for stiction coefficient. M f  stands for kinetic friction
coefficient. M  stands for the drive torque, <j> stands for angular velocity. 
</> stands for angular acceleration. And S(<j>) is described as below,
1 </> = 0 
sign(</>)5c{ 0 <SC< 1) ^ * 0
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3.3 Volumes of drive and exhaust chamber
Assuming the initial condition is ^ = 0 (Figure 3.2), the initial volumes of 
both drive and exhaust chambers are the same and described by
V0 = ± L (B 2- r 2)n  (3.7)
When Chamber A is the drive chamber and e2Sin2t p « B 2 holds, the 
control volumes o f the drive exhaust chambers, respectively, are described 
by
r- mV‘ + 2 L
L
2
(B2 f t  +
(
4
1
i
2 y_
l T 2 ■ J+ — Le sin 2 
4
. ft
+ LBe sin
■J
, ft
\
v  =  V  -'  b r 0
where
(3.8)
j e [ - a  + j ^ , - a  + ( j  +1)^) and j  = 0, ±1, ±2, .... ±5R
The derivatives o f Va and Vh are
V  =
dK
dt
= va^ v a
a dt a and
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where
dV  T1 1 tt
Va = — -=  - L(B2 - r 2) + - L e 2Cos<j> + LBeCos(<p-  j - )  
d<j> [_ 2 2 2
V = -V" b ra
Figure 3.4 Dynamic volumes of Chamber A
From equations (3.8), it can be seen that Va , Vh are periodic and 
discontinuous functions.
Figure 3.4 shows the dynamic volume of the driving chamber with 
different number of vanes. It shows that as the number o f vanes increases, 
the range of volume change narrows.
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3.4 Dynamic relationship within the control chambers
When the changes in each control chamber occur, the relationships 
between mass flow rates (ma , mb) and the change o f both pressure (p a ,
p b) and volume (Va, Vh) in the actuator control chambers have the 
following forms:
In conjunction with compressible flow through a restriction, equation 
(2.23), and equation (3.9), the following expressions are derived, showing 
the pressure changes in the chambers.
3.5 State function for the vane type air motor
Choosing system state variables xl = <j> , x2 = <j> , jc3 = p a , x4 = pb and 
control input variables w, = X a , u2 = X b, the state functions o f the air 
motor system shown in Figure 3.2 are
(3.9)
a a
(3.10)
x, —x. (3.11)
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1 / \ M r
x2 = — M CS{x2) -----—x.
J J
+ — Z.(e2 cos2x, +2eBcosxi + B 2 - r 2) ^  - jc4) 
2 J
- - * M k : x
V . h )  3 4
+ TTT1  RTC dC0Aof{x3 ,Ps,Pe  )“.
K [x i)
kx3x4k M
k M
+ T m  RTC,ic uAi / ( t , . p , K
K l*  i)
3.6 Step response of the model
Figure 3.5 shows the step response of the whole system in 0.2 second.
The parameters of the system are:
n = 4 , M c = 0.5N , M f  = 0.09N s , L = 44.5mm, B = 36.5m m , e = 4mm , 
r = B - e  , J, =6.08x10 ^ kgm2 , J 2 = 2.69x1 O^kgm2 , J  = J X+ J2 , 
TS =293K , a - n l O  , * = 1.4 , Cd = 0.8 , C0 = 0.0404 ,
Aa -  Ab = 0.004/w, R -  287J!{kgK ), p s = 6bar
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The initial state is*, = 0,x2 = 0,x3 -  1 bar,x4 = 1 bar . The curves represent 
the response for 36% valve open input at t = 0. The upper plot shows the 
angular speed response of the vane type air motor. The value increases 
rapidly at the start and oscillates in steady state, where the drive torque, 
equation (3.5), oscillates as the dynamics o f air pressures in the chambers, 
equation (3.8), the length of the lever arm, equation (3.4), and the area of 
the drive vane. The period of angular speed oscillation is that of the drive 
torque. The lower plot shows the air pressure in the chambers. The 
pressure in Chamber A is slightly below the supply pressure consistently. 
The pressure in Chamber B steps up to the value o f the pressure of 
Chamber A periodically, as a vane goes into the Chamber B from the 
isolation area. After that, the pressure in Chamber B decreases as the
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compressed air exhausts into the atmosphere. The structure of a vane type 
air motor determines that the compressed air in Chamber B does not push a 
vane to output torque and make positive effect to utilise air power. From 
the figure, the exhaust pressure in Chamber B drops from 5.5 bar to 1 bar. 
Expansion power takes more than 50% of compressed air energy when the 
pressure is greater than 5 bar (Cai & Kagawa 2001), so the majority o f the 
energy is wasted. A vane type air motor does not transform energy 
efficiently.
3.7 Summary
Mathematical modelling a pneumatic actuator system, a vane type air 
motor, is studied in this chapter. The mathematical model for a vane type 
air motor is developed as the first step of preparation for the development 
of the mathematical model o f the scroll air motor. From the simulation 
results, it can be seen that the air pressure in the exhaust is still high. Due 
to the structure of a vane type air motor, it only utilises transmission power 
o f compressed air energy, which accounts for less than half of compressed 
air energy when the pressure is greater than 5 bar. According to the 
definition o f air power, the energy efficiency o f a vane type air motor is 
low. Further energy efficiency analysis of pneumatic actuators is given in 
Chapter 6, where the statement in this chapter is explained further.
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C h a p t e r 4
M a t h e m a t i c a l  d e s c r i p t i o n  o f  t he  
s c r o l l  g e o m e t r y
In order to derive a mathematical model of a scroll air motor, it is essential 
to understand its mechanical structure, physical characteristics, and 
pneumatic features. The first step towards fully understanding scrolls is to 
study its geometric characteristics. In this chapter, the mechanical structure 
of a scroll is studied in terms of geometry, which is one of main factors 
influencing its operating efficiency. The fundamental curve to construct a 
scroll is a spiral. Spirals are studied firstly using intrinsic equations. Then 
the motion of a scroll air motor is analysed followed by definition of 
charge chamber, expansion chamber, and discharge chamber. Finally, the 
mathematical descriptions o f cross section areas and volumes of different 
chambers are derived as functions o f the orbiting angle. As the moving 
scroll orbits, the volume o f a crescent chamber changes. The volume of a 
chamber in a scroll air motor is calculated using the Green Theorem. How 
the volume of a chamber changes with respect to the orbiting angle will be 
discussed corresponding to different scroll profiles.
The cross section of a scroll-type air motor is shown in Figure 4.1 which 
illustrates the relationship between the fixed scroll and the moving scroll.
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A scroll-type air motor, in general, consists of a moving scroll, a fixed 
scroll, housing, bottom plate and a cam. The fixed scroll is fixed on the 
bottom plate. The air inlet is at the centre o f the bottom plate. The moving 
scroll is fixed on the cam. The scroll geometry could be involute, 
Archimedean spiral, or hybrid curves (Tojo 1980) (Tischer & Utter 1985) 
(Richardson 1989) (Caillat, Weatherston & Bush 1988) (Etemad, 
Yannascoli & Hatzikazakis 1989).
4.1 Mathematical description of the geometry of a spiral
Air outlet
Housing
Moving scroll
Fixed scroll 
Air inlet
Figure 4.1 Cross section o f a scroll air motor to demonstrate its
mechanism
Intrinsic coordinates is a coordinate system which defines points upon a
56
Chapter 4 Mathematical Description of the Scroll Geometry
curve partly by the nature o f the tangents to the scroll curve at that point. A 
point is given as (5 ,9?) where s  is the length of the curve from a set point
(often the origin) and <p is the angle which the tangent to the scroll curve at
that point makes with the x-axis; s = /(<j?) is the intrinsic equation of the 
curve.
Figure 4.2. Basic geometry of a spiral 
This coordinate system may break down entirely when straight lines are 
considered. A spiral is the fundamental geometry curve of the scroll 
considered in this study. A circular spiral is shown in Figure 4.2, in which
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(p is the tangential angle o f a point on the spiral A . Tangential angle is the 
angle from the horizon to the tangent line at a point on a curve, s is the arc 
length of the bold section, e(ç>) is the unit tangent vector at the point 
whose tangential angle is (p on the spiral, is the unit normal vector at 
the point, i{(p) and e(<p) are a pair of orthonormal frame, p  is the radius of 
the curvature, C is the centre o f the curvature.
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Figure 4.3. Vector approximation to the scroll 
For further analysis, the scroll geometry is mapped on to an x-y coordinate 
system. If the curve is broken down into smaller segments, then each 
segment is approximately a line segment (see Figure 4.3). This sequence of
58
Chapter 4 Mathematical Description of the Scroll Geometry
line segments are denoted by A, and each segment is a vector. Hence any 
point on the curve can be expressed by the sum of the vectors,
the side of a polygon, the sum of the vectors is represented in magnitude 
and direction by the line segment used to close the polygon.)
As shown in Figure 4.3, if d<p is small enough, ds will tend to zero, i.e., 
while d<p —> 0 , ds —> 0 . Then the lengths of two adjacent radiuses of 
curvature, cPAs and cPAe are almost equal to each other. Let p  stand for 
the length o f the radius of curvature, then the relationship o f d<p, ds and 
p  is
i.e. A = ^  A,, (if the vectors are represented in magnitude and direction by
ds = —  • 2 np 
In
ds (4.1)
dcp
and
So
(4.2)
o
and
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= ~T~ ' e(^) = P f^P) ' e(i?)
Thus equation (4.2) becomes
A(^) = Jp(w)e(w)i/w
0
e(<p) can be defined as e(^) = (cos^,sin^>) so f (^ )= ("  sin (p, cos (p) . 
Therefore,
A {<p) = J(/o(m)c o s m, /c?(w)sin u)du (4.3)
o
If the initial point o f the spiral is at A0 = (x0,y 0) and p  = p0 + k(p , 
equation (4.3) can be written as:
<P
M<p) = A 0 + J"((/?0 + *z/)cosw, (p0 + Kw)sin u)du (4.4)
0
After performing integration on equation (4.4), the horizontal and vertical 
position of any point on the spiral can be identified by:
X\(<P) = xo + (Po +K^>)sin <p + kcos<p-K  
Ta {<p ) = To -  (Po + K(P)cos(p + k sin <p + p 0
v e [o, V, ]
Equation (4.5) is the function of the tangential angle to represent a spiral. 
In order to describe a scroll with variable wall width, it must be discussed
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piecewise. A scroll with variable wall width will be studied later in this 
chapter.
4.2 Relationship between the fixed and moving scrolls
Figure 4.4. A diagram of a simplified representation for the 
relationship o f the fixed scroll and the moving scrolls
Figure 4.4 shows a simplified scroll structure for both fixed and moving
scrolls with three-wraps, which form an air motor. In this design, both the
moving scroll and the fixed scroll are circle involutes. The grey scroll
represents the moving scroll; the black one shows the fixed scroll; the
dashed circle in the centre is the orbit along which the moving scroll
wobbles; a  the orbiting angle that indicates the location of the moving
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scroll. In this design, both the moving and fixed scrolls are circle involutes. 
The orbiting angle varies at a period of 2n  . The chamber marked “1” is 
the chamber located in the central position, where the inlet is located,
Figure 4.5. A family of spirals
called central chamber. The chambers marked with “2A”, “2B”, “3A” and 
“3B” are two pairs of sealed crescent side chambers. Side chambers are 
located at the side of the central chamber. A scroll air motor, normally, 
have only one central chamber, but a certain pairs of side chambers. The 
mathematical analysis conducted here is based on this diagram without
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considering wall thickness. However, the wall thickness parameterisation 
will be given in later sections.
When a scroll air motor is operating, the moving scroll moves 
anticlockwise along the orbit. If we project some moments during one 
cycle onto one single figure, it is easy to see that the moving scroll forms a 
family of curve, and the fixed scroll is the envelope o f the family (Figure 
4.5).
If the orbit is define as:
D -  -r f  = r(sin a, cos a )  (4.6)
and the equation for the moving scroll is A(tp), then the family o f the 
moving scroll is
A(<p, a ) = A(<p ) + D(« ) (4-7)
The second parameter, a , indicates the position of the moving scroll. The 
range o f a  is determined by the number of wraps of the scrolls. If 
<pe [ 0 , ^ ] ,  then a  e [0,cpmd - 2 n \. As the motion is rigid, a  does not 
affect the shape o f the moving scroll. A{(p,a) and A(<p) both refer to the 
moving scroll in the thesis.
From equation of the spiral, equation (4.5), and the equation of the orbit, 
equation (4.6), equation (4.7) becomes
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xx ((p,a) = x0
+ (pn +K(p)sm<p + Kcos(p-K + rsm a  
( \ (4-8)y x {(p,a) = y 0
~ (p 0 + K<p)co$(p + v s in <p + p 0 - r c o s a
<P e  [o, <ps ]
Equation (4.8) gives the coordinate of a point on the moving scroll at the 
tangential angle (p, when the orbit angle is a  .
While a scroll moves along its orbit, a curve enveloping the family o f the 
moving scroll curves is formed as shown in Figure 4.5. This envelope 
forms the fixed scroll curve, which is tangent to the family of the moving 
scroll curves at each point. To derive the fixed scroll mathematical model, 
the following definitions and theorem are required (Carmo 1976).
Definition 2.1.
With the parameters v e S, cz 5R, and u e S 2 cz 5R, for a smooth family of 
parameterised curves K (v )} , (v,u)i-> Z(v,u) = (X ,Y ):S t xS2 ->912 , the 
singular set of Z(v, v) is the set of the points defined by
d(X,Y)
d(v,u)
SX dX
dv du
dX dX
dv du
ÔZ ÔZ
So the singular set is given by —  and —  are parallel.
dv dv
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Definition 2.2.
An envelope of the smooth family of parameterised curves is a curve 
H i-» r ( / / ) : S3 -» 5R2 (S3 a  9?) which satisfies:
i) for each fi , F(/i) lies on the curve v i—> zu(v) indeed 
r (M) = ZuwiK/O)»and
ii) at T(//), the tangent vectors T '{/j) and z'uiM) (v(jx)) are parallel, 
where S3 is an interval, and /u i-> v (/j ) : S3 5, and 
H i-» u(ji) :S,^>S2 are smooth Sanctions.
Theorem 2.1.
The curve /a i-» T : S3 —» 9t2, given by T(/i) = zu(/:)(v(/i)), is an envelope of 
the smooth family {zu(v)\ o f curves, if and only if, v(/u)) belongs to 
the singular set o f Z(v,v) for each /j . .
For the moving scroll at a particular orbit angle a , the fixed scroll B(^) 
touches the moving scroll A (¿tp,a), that is. From Definitions 2.1 and 2.2 
and Theorem 2.1, the procedure for determining an envelope is 1) compute 
the singular set o f Z(A ,t) ; 2) choose a suitable parameter u , which 
parameterises the singular set.
Following the steps specified above, the envelope o f the family o f moving 
scrolls can be obtained in the following way. The singular set is given by
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3yA(g>»g)
dq>
dyA(<P’a )
da
= 0
That is
Then
(/?0 + lap) cos <p 
(p0 +/r^)sin (p
rcosa  
rsin a
- 0
(p0 +*r^)cos^ rsin a - ( p 0 + K(p) sin (p ■ r cos a  = 0
=> (p0 + K<p) sin($? -  a )  = 0 (4.9)
=> a - ( p  + nn
where n is an arbitrary integer. For the envelope, choose </>-a and replace 
cp by the variable <j> in the moving scroll equation. The equations for the 
envelope B(^) = (xB,yB) are:
xB + nn) = jc0 + (p 0 + k {^> + rc;r))sin + nn)
+ k  cos(^ + nn) -  k  + r sin (</> + nn) 
y B (</> + nn) = y 0 -  (p 0 + k ((/> + nn))cos(<* + nn) 
+ Ksm.{tj) + nn)+ p 0 - r cos(^ + nn)
(4.10)
with ¿6 (4 ,,^ ).
Equation (4.10) indicates that the moving scroll touches the fixed scroll at 
the points <p = <j> + nn . The value of n should be chosen to satisfy n > 0.
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In order to reduce the number of symbols, </> is replaced by <p thereafter. 
The equations describing the fixed scroll are:
*b ifP + n n ) = *o + {.Po + KifP + «^))sin (q? + nn)
+ k cos{(p + nn) -  k  + r sin {(p + nn) 
y B (<p + nn) = y 0 -  (p 0 + ic(<p + «^r))cos(^ + nn)
+ Ksm{<p + nn)+ p 0 -rcos((p + nn)
As q> > 0 and cp + nn  > 0 , they range in the same domain. In order to 
simplify the equation, let n = 0, then the equation becomes
* b W ) = *o + (Po + *^ )sin <P 
+ k  cos q> -  k  + r sin cp
y B (<p)=y0 -  (Po + k (p ) c°s (p
+ «-sin<p + p 0 -rcostp
(4.11)
and
B( )^ = (xB,yB)
4.3 Description of the wall thickness of scrolls
Two symmetrical scrolls assembled in a scroll air motor are offset by 180 
degrees and in conjugacy. The relations governing the conjugacy o f the 
two scrolls have the following features:
1) Each point on one scroll surface has only one mating point on the 
other scroll surface. The moving scroll contacts the fixed scroll at 
certain points determined by equation (4.11).
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2) The tangent vectors at the two conjugate points are parallel to each 
other and normal to the direction of the offset of the two wrap 
centres.
From equations (4.8) and (4.11), knowing one side o f the moving scroll 
A {<p, a ) and the orbit D(«), one can get its mating side on the fixed scroll
B (^ ). By reflecting A(^>,0) and B (^) in a suitable point respectively,
we have the other side of the moving scroll B(<p -  n) and A {<p + ;r,0).
A(#>,0) B{<p -  ri) and B{(p) i-> A(<p + x,0)
As shown in Figure 4.6, A(<p,0) is one side of the moving scroll, and
B {<p) is its mating side on the fixed scroll. The dashed spiral, A{(p + t t ,0 ) , 
is the other side o f the moving scroll and the reflection o f B (q>) . The spiral 
marked with dash and dots, B{(p -n ), is the other side of the fixed scroll 
and the reflection o f A (^?,0). The dotted sections are inner ends of the
scrolls. They can be simply described as the extensions o f A(<p + -^,0) and 
B(<p) as mentioned in (Gravesen & Henriksen 2001) and (Gravesen, 
Heneiksen & Howell 1998), or as studied in (Lee & Wu 1995) (Liu et al. 
1996) and (Yanagisawa et al. 1990). In this thesis, the dotted sections are 
considered as extensions of the scroll walls. The extension on A(cp + n,0)
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has the tangential angle range of [0, n \ , the extension on B($>) has the 
tangential angle o f [- t t ,0] .
Suppose that the radius o f the orbit is r , the scroll wall thickness is 8 , the 
description of the other side of each scroll is:
A (<p + 71,0) = A(0,0) + A(>r,0) + 8  • f  O ) -  B(>) (4.12)
B (q> - n )  = A(0,0) + A(^,0) + 8 ■ t(n) -  A ^O ) (4.13)
So far, two sides of a scroll are discussed, but the two sides are not 
connected. The inner end of a scroll is considered as a half circle o f the
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diameter of 8 (Figure 4.7). The outer end o f a scroll is considered as a line 
connecting two outer end points of both sides of the scroll.
Figure 4.7. Scroll with constant wall width and wall thickness
constant definition
4.4 Scrolls with constant wall thickness
In Figure 4.7, A and A are the two sides of the moving scroll; B and B 
are the two sides of the fixed scroll; r denotes the radius of the orbit; 
8 stands for the thickness o f the wall. A and B are a pair of mating sides, 
which touch each other at some points while the scroll type air motor is 
running; A and B are the other pair o f mating sides. Thus
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A (<p +  2 n ) -  A(ç?) = -2  (r + S ) i{p )  
where i{(p) is the unit normal vector at x(y?).
(4.14)
From (4.5) and (4.14), the wall thickness constant can be derived as
k  =
r + 8
n
(4.15)
It is the distance between two points on a scroll surface, whose tangential 
angles have the difference of I n  . The unit o f k  is metre. Equation (4.15) 
is a condition that should be satisfied in designing a scroll with intrinsic 
functions and constant wall thickness, otherwise the mating relationship 
will not be there.
4.5 Scrolls with variable wall thickness
Equation (4.15) is the definition for wall constant for scrolls with constant 
wall thickness 8 . In fact, many scroll air motors are designed to have 
variable wall thickness distributed along scrolls. For a scroll compressor, 
variable wall width may result in higher compression ratio, while, for a 
scroll air motor, that may result in higher expansion ratio. The volume of 
scroll air motor chambers will be discussed later in this chapter. In the case 
of variable scroll wall width, k  in equation (4.15) is defined as a profile 
function. When a scroll with variable wall thickness is considered, 
equation (4.15) becomes
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r + 5 + h.
(4.16)K =
71
hw is the scroll wall thickness parameter in metres. The value o f h is 
constrained by the condition which ensures the scroll is physically feasible 
(Gravesen & Henriksen 2001) (Gravesen, Heneiksen & Howell 1998).
In order to ensure a scroll air motor is physically feasible, the following 
conditions (sufficient) must be satisfied:
• One of the scrolls does not have any self intersection
• The moving scroll can orbit freely in a circle with radius r , i.e., the
two scrolls must not overlap each other
The first condition is secured if p  is a strictly increasing function 
(Gravesen & Henriksen 2001).
Further conditions that ensure the moving scroll can orbit freely are:
• d(A(<p,a),B(<p))e [0,r]
• Â(ç?,a))e [O, r]
4 „ )  means the distance between two points.
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As mentioned earlier in this chapter, the scroll must be defined piecewise 
in the case o f variable scroll wall thickness.
The piecewise form of equation (4.5) is:
x a (fPi) = x\ + k {c o sç >2 -cosç>,)+p,(sinç?2 -sinç>,) 
+ /csin(p2{<p2 ~ <Pi)
T a (^2) = T i + ^(sin (p2 - s i n (px)+ p x{cos(px — cos(p2)
+  K C O S ( p 2 {(p 2 - f t )
(4.17)
The piecewise form of equation (4.11) is
jc„ { f t  ) = ■*!+ tc{cosft -  cos f t ) + p, (sin q>2 -  sin f t )
+ *:sinf t { f t  ~ f t ) + r is in g  - s i n f t )  
ynW i) = y\ + ^(sin^2 -s in ^ J+ p ^ c o s^ j-c o s# > 2)  ^ ’
+ k coscp2 (f t  ~ f t ) + r (cos f t  -  cos f t )
f t  stands for the tangential angle of the start point of the scroll surface
piece. (p2 stands for the tangential angle o f a point on the scroll surface
piece, p ,, x,, y, represent radius o f curvature, horizontal coordinate, and
vertical coordinate at the start point of the spiral, respectively.
The way to create a scroll surface with variable wall thickness is:
1. Find out the breakpoints on a scroll surface according to the scroll 
wall thickness profile. Then break the scroll surface into spiral 
pieces.
2. Determine the start point and end point o f the piece.
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3. Create one side o f the scroll, A , with equation (4.17). Create the 
mating surface, B , with equation (4.18).
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4. Calculate the other side of the scroll, A , with equation (4.12).
For example, given the range o f the tangent angle q> e \(pstar, , <pend ], the 
initial value of radius o f curvature, radius of the orbit, the value of 8 , and 
the scroll wall thickness profile:
K, =
K
h
6 \p breakpo int_ 1 5 breakpo int_ 2 ] 1
mm
Ç )(E \fPbreakpomt_niPbreakpomt_n+\ ]J
i‘’breakpom._. = <P«ar, ,  Vbreakpo m _ n +\ =  V end  , » = 1,2,3,..., & pOUlt On side A of 
the moving scroll can be described by substitute the parameters into 
equation (4.17). Then the equation becomes
Xa {<Pi ) = Xbreakpom,^  + K,.(cOS^ ,. -COS q>breakpomti)
+ Pbreakpo int_i (S*n <P, ~ SU1 (pbreakp0 mt , )
+ Ki sin cpi (#>, -  cpbreakpomt_, )
Ta [<P, )  =  y b rea kp o in t i + K , (Sin <P, ~  ^  <Pbreakpomi_ i )
+ Pbreakpo int_ / (C0S *Pbreakpo int_ / — C0S ‘P t )
+ cos(pt {pi ~q>bKakpom_ )
i = 1 q>j stands for the tangent angle of a point between the points of 
the tangent angles o f <pbKakpom i and <phreakpoint M , k , stands for the wall
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thickness constant in the range, p bKakpoint , is the radius of curvature at the 
point of the tangent angle <pbKakpomii.
The mating surface of A , B , can be calculated with the same method. 
Then the other side of the scroll, A , can be calculated. The points on the 
whole scroll are then derived.
How does variable scroll wall thickness affect the geometry of a scroll air 
motor will be discussed further later in this chapter.
4.6 Definitions of scroll chambers
In order to analyse the dynamics of a scroll air motor, the chambers of a 
scroll air motor are defined based on their functions, according to the 
working processes, charge chamber, expansion chamber, and discharge 
chamber. As shown in Figure 4.8, different air motor chambers are referred 
to with numbers. The charge chamber, which connects to the inlet port 
directly, is labelled chamber “1”. Compression chambers “2A” and “2B” 
develop from chamber “1” after the orbiting angle of 2n  . After a 
revolution, chamber “2A” becomes expansion chamber “3A”, and chamber 
“2B” becomes expansion chamber “3B”. As the expansion chambers open 
up to discharge region, chamber “3A” becomes chamber “4A” and 
chamber “3B” becomes chamber “4B”. In the figure, the volume expansion 
chambers of “2A” and “2B” are of the period of 2n . The period o f volume
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of chambers “3A” and “3B” is a s = <pmd - 2 n , as after the orbit angle 
a  = a s the expansion chambers next to the discharge chambers become 
into discharge chambers. The end of expansion process is also the start of 
discharge process, so the start orbit angle of discharge process a d = a s .
This definition will be adopted through the thesis and it can be applied to 
scrolls with more number of wraps.
Figure 4.8. Definition o f scroll air motor chambers
From Figure 4.8, the expansion chambers/side chambers, Vs, are sealed by 
the moving scroll and the fixed scroll. The charge chamber, Vc, is unsealed 
and connects to the air supply directly. Also the discharge chambers are not
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sealed and merge into the area between the scrolls and the housing wall, 
Ve, on which the exhaust port is. Ve is worked out by subtracting the 
volume enclosed by the housing with the sum of volume of other 
chambers.
Comparing to the expansion chambers, the dynamics of charge chamber 
and discharge chamber are more complex as the charge and discharge 
chambers are not sealed. The charge chamber can be considered as a 
variable volume with fixed orifice to the air supply.
The discharge chambers can be considered as variable volumes with 
variable openings (Chen 2000). In Figure 4.8, Vd represents the volume of 
a discharge chamber at certain o f orbit angle, a d , after the discharge 
process has started. The chamber volume at that angle is defined as the 
height of the scroll multiplied with the area enclosed by the fixed and 
moving scroll and a line segment starting from the end tip of the moving 
scroll inner side and normal to the fixed scroll outer side.
4.7 Volume calculation of the scroll chambers
Green's Theorem gives the relationship between a line integral around a 
simple closed curve and a double integral over the plane region bounded 
by a closed curve.
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Theorem 2.2. Green’s Theorem
Let C be a positively oriented, piecewise smooth, simple, closed curve and 
let D be the region enclosed by the curve. If P and Q have continuous first 
order partial derivatives on D  then,
Green’s theorem can be used to calculate areas. The area of region D  is
For a plane curve specified parametrically as (x(t),y(/)) , the above 
equation becomes
In Figure 4.9, at the orbiting angle a  = 0 the moving scroll and the fixed
shown in Figure 4.9. As given in equations (4.8) and (4.11), the boundaries 
of the chambers have been parameterised in the formation of equation (4.5). 
And the parameter, q>, is simply increasing/decreasing on a piecewise 
smooth boundary, which is positively oriented. Then Green’s Theorem is 
applicable to calculate the area o f a closed scroll chamber.
(4.19)
scroll contact each other at \ ( a  + 2 n n ,a )  and B(a + 2nn) 
(n = 0,1,2,3 • • •). There is one central chamber and two side chambers
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At the orbit angle of a , the bottom area of a scroll chamber can be 
calculated by a line integral along its positively orientated boundaries. And 
the bottom area times the height of the scroll wall gives the volume of the 
scroll chamber. For a side chamber bounded with A and B , the start and 
end tangent angles are (p = a  + 2nn  and ( p - a  + Ann (« = 0,1,2,3,...)
respectively, where n indicates (n + \)th pair of side chamber. Then the 
volume is expressed by equation (4.20), where a  e [0,2n \ stands for the 
orbit angle, 9  stands for the tangential angle, 2 stands for the height of the 
scrolls. The volume changes with the period of 2n .
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K ( « ,» ) = -  \ z  y  a Wa M * a {(Pa ))
+ *a (<Pa M t a (?>a )) (420
+\ z r ; ; ; : -  m *b ^  ))
+ *b (?>b M >'b (‘Pb ))
Volume calculation is more complicated for a scroll air motor with variable 
wall thickness. For a pair of side chambers, the volume of one chamber is 
equal to that of the other one, so instead of calculating the volume twice, 
calculating the volume of a side chamber regarding the orbit angle as the 
moving scroll travels along the orbit can investigate the dynamic geometric 
change of a scroll air motor.
As mentioned early, in the case of variable scroll wall thickness, a scroll 
must be discussed piecewise in order to calculate the volume with the 
Green's Theorem. For a chamber has the boundaries of 
A(<p I q> e [a + 2nn, a  + 4n7t\) and B{<p \ <p e [a + In n , a  + 4«;r]) , each 
boundary may need to be divided into a number o f boundary pieces 
according to the orbit angle and the wall thickness profile.
For the boundary o f A (<p \ (p e [a + 2n n ,a  + 4n;r]) with a number of wall 
thickness profile breakpoints in the range of 
<p (= [c i+  2 n ? r ,c z +  2 n ? r \  , given the breakpoints <pbKakpomtX ,
*Pbreakpo int 2 ’ " ”> breakpo int j  > ^breakpoint 1 CC 'l.YITT ,  ^Pbreakpo int n &  ,
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then the boundary is divided into the pieces of,
A  \fPbreakpo int j - 15 ^Pbreakpo ini j  J *
Similarly, for the boundary of B(<p \ q> e \a + 2nn ,a  + 4wt t ]), the boundary 
pieces are. ®[^6rea£pointl’ *^reaApoint2 j ’ ®  l^ Pireakpo int 1 ’ ^Pbreakpo int 2 J ’ •"»
^ bn’.akpoint y-1 5 ^Pbreakpoint j  j*
Then piecewise form of side chamber volume equation is
V, («> «) = - ^ Ë  (- VpanA + ^  )
i=l
(4.21)
and
V partA =  r ^ '  -  T a  (<Pa  M * a  (<Pa  ) )  +  * a  {(P x  M - > \  { (P x  ) )
*Pbreakpo ini i
^parlB  =  { -  ^ ^  ^  B  ( ^ B  M *  B  ( P B  ) )  +  *  B  ( P B  B  ( ? > B  ) )
Fpart/) is the line integral along a positively oriented boundary piece on the 
boundary of A{(p \ <p e [a + 2n n ,a  + 4«^]), while stands for the line 
integral along a positively oriented piece on the boundary of 
B{<p\(p&[a + 2n7T,a + 4n7i]). i = 1,2,.., y -1  . (phreakpom, , are
the start and the end point tangential angles o f the boundary piece 
respectively. For scrolls with constant wall thickness, there is no 
breakpoints on one of the boundaries, and the tangential angle of the start
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point is the orbit angle, and the tangential angle o f the end point is the orbit 
angle plus 2n  .
Figure 4.10 Flow chart to calculate chamber volume
Figure 4.10 shows the flow chart for calculating the volume of a side 
chamber using equation (4.21). First, with the orbit angle, the start and end 
point tangential angles of one boundary are known. The start point 
tangential angle is equal to the orbit angle plus I n n , and the end point 
tangential angle is equal to the orbit angle plus 4n n . From the start, end 
point tangential angles of the boundary, and the scroll wall thickness
profile, the breakpoints can be found out. The breakpoints are the
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breakpoints of wall thickness profile between the start and the end points of 
a boundary. Then the boundaries are divided into a number o f pieces with 
the breakpoints, and the start and end point tangential angles of each 
boundary piece are determined. Substituting the start and end point 
tangential angles of a piece and the initial values of radius o f curvature of 
this piece, the line integral can be calculated. After calculating line integral 
along every boundary piece on the boundaries, the sum of the integrals is 
the cross section area of the chamber. Multiplying the area by the scroll 
wall height, the volume o f the side chamber is worked out.
In order to calculate the change of pressure in the expansion chamber as 
the orbit angle processes, the derivative of the expansion chamber volume 
with respect to the orbit angle needs to be calculated as well. The 
differentiation of equation (4.21) yields:
= + x By'B ~ y Bx'B)
i=i
Similarly, with Green’s Theorem, the volumes of the central chamber and 
the discharge chamber can be calculated.
The volume of the exhaust chamber is calculated by:
Ve(a) = zn<t>backplJ  I 4 - V c -  2*(VS +Vd + VscmU)
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where </>backp/ale is the inner diameter of the housing, VscmU is the volume of 
a scroll wall, which can be calculated using the method described.
4.8 Simulation results of the geometric model
The scroll air motor used for the experiment has the following parameters: 
p 0 = 9.5mm , r = 5.5mm , 5  = 4.5mm , z = 3.32mm , (p e [0,3.5;r] , 
b^ookplate =112mm. Simulation results are given using these parameters.
The results summarise the geometric model developed in this chapter, 
which is the key output of the study.
-Sx 10
Figure 4.11 Chamber volumes of a scroll air motor through a shaft
revolution
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Substituting the parameters into the equations of the chamber volumes, 
how the chamber volumes change through a shaft revolution, a  e [0,2;r], 
is shown in Figure 4.11. The volume of the central chamber changes in the 
period of 2n  . And the period starts from a  = 0 . Because the tangential 
angle (p e [0,3.5t t ], the expansion chambers exists only for the first orbit 
angle of 1.5 n  of one entire shaft revolution.
The volumes of two expansion chambers are added together. The 
expansion process starts at a  = 0 and ends at the orbit angle of 1.5n , as 
after a  = 1.5 n  the first pair of side chambers are not sealed and become 
the discharge chambers. The discharge process starts at «  = 1.5;r. The 
volume of the discharge chambers changes at the period of 2n  . Same as 
the expansion chambers, the volumes of two discharge chambers are added 
together.
In one period, the final value of the expansion chamber is equal to the 
initial value of the discharge chamber volume, while the initial volume of 
the expansion chambers is less than the final value of the central chamber 
volume. As the orbiting angle increases from zero to I n , the volume of 
the central chamber increases from 11.5mm3 to 63mm3 . Then, the 
majority of the central chamber seals and becomes the expansion 
chambers, while the central chamber goes back to the start of it life. The 
volume of the expansion chambers increases through its period
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consistently. Because the scroll wall thickness is constant, it increases 
linearly. The discharging phase starts immediately after the expansion 
phase, where a  = 1.5n . The volume of the discharge chambers increases 
at the start and reaches the peak value o f 89mm3. Then it decreases. The 
discharging phase ends in next shaft revolution and the final value is zero. 
When the orbiting angle is between 1.5t t  and n  , there is not any 
expansion chambers.
From Figure 4.11, the volumetric expansion ratio and displacement can 
also be worked. The minimum chamber volume is \\.5m m 3 and the 
maximum value is 89mm3. The displacement is 87.5mm3 / revolution, 
which matches the specification value of 85.7mm3 / revolution . The 
expansion ratio is 8.8. In fact expansion ratio is very important parameter 
that affects how much a scroll air motor can utilise expansion power. This 
will be discussed in Chapter 6.
Figure 4.12 shows the derivatives of the chamber volumes. The derivative 
of the central chamber volume increases throughout it period. The 
derivative of the expansion chamber volume does not change as the 
expansion chamber volume increases linearly throughout its period. The 
derivative of the discharge chamber volume decreases from the start o f its 
period, where a  = 1.5n . It becomes negative after the volume reaches the 
maximum value.
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Figure 4.12 Chamber volume derivatives through a shaft revolution
4.9 Summary
The geometry of a scroll air motor is analysed in this chapter. The 
equations for the scrolls are given in the form of intrinsic equation. Scroll 
wall thickness is discussed. And chamber volume calculation is given as a 
iunction of the orbiting angle. The mathematical description of the 
geometry of a scroll air motor is given in generic form, so that parameter 
studies can be conducted to find optimised geometry parameters. The 
dynamics o f a scroll air motor is studied in next chapter.
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C h a p t e r s
A i r  D y n a m i c s  in a S c r o l l  A i r  
M o t o r
In last chapter, the geometry of a scroll air motor is analysed. The 
equations o f the orbit, the moving scroll, and the fixed scroll are given. 
Based on the equations, the volumes o f the chambers are expressed as the 
functions o f the orbit angle. In order to create a mathematical model of a 
scroll air motor, the dynamic behaviours must be studied. Modem state 
function models require state variables. This chapter explains how to 
choose state variables according to the structure o f a scroll air motor and its 
motion behaviour. The main forces applying on the scrolls are analysed. 
The leakage model is given. With this analysis, the mathematical model of 
a scroll air motor is presented with simulation results.
5.1 Choosing control volume
In fluid mechanics, a control volume is a mathematical abstraction 
employed in the process of creating mathematical models o f physical 
processes. In an inertial frame of reference, it is a fixed volume in space 
through which the fluid flows. The surface enclosing the control volume is 
referred to as control surface. At steady state, and in the absence of work
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Figure 5.1. Cross section of a scroll air motor and air flow direction
and heat transfer, a control volume can be thought of as an arbitrary 
volume in which the mass and the enclosed energy of the fluid remain 
constant. As fluid moves across the control volume, this implies that the 
mass entering the control volume is equal to the mass leaving the control 
volume. The same rule applies to the energy.
For a scroll air motor, before compressed air goes into the chambers 
formed by the moving and fixed scroll, it stays in the inlet chamber for a 
very short term. And then, it goes into work chambers, which are formed 
by moving and fixed scroll, to push the moving scroll by expanding itself. 
Finally, the air reaches the outlet chamber and goes out through the outlet.
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Figure 5.1 gives cross section of a scroll with names o f the parts and the 
direction of air flow is indicated by the arrows.
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Figure 5.2. Diagram of single control volume method 
Control volume method is employed to create the mathematical model. It is 
natural to study how to choose appropriate control volume before we create 
the model.
Methods of choosing control volume for scroll machines were studied by 
(Zhu 1994) (Bo 1995) (Gao 1997) (Li 1989). There are mainly three 
methods to choose control volume described in these documents.
5.1.1 Single control volume method
Single control volume method is the simplest way to create the model. In 
Figure 5.2, chambers formed by the moving and fixed scrolls are modelled 
as one work chamber, CV, which is the only control volume. And the inlet 
and outlet chambers are considered ideal chambers, in which the thermal 
status of air does not change, i.e., the status of air in the inlet chamber is 
same as that in the air supply; and the status of air in the outlet chamber is 
same as that of atmosphere. As the arrows indicated, compressed air goes
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into the work chamber through inlet chamber without changing status. 
After the work chamber is sealed, the compressed air expands to release 
energy.
The advantage is that it is easy to create the model with low computer load, 
so it is suitable for less advanced computers. However this method results 
in a rough simulation and big difference with experimental data.
5.1.2 Three control volume method
Figure 5.3. Diagram of three control volume method
In three control volume method, Figure 5.3, in addition to single control 
volume method, inlet chamber and outlet chamber are considered as 
control volumes. Therefore, there are three control volumes, CV1, CV2, 
and CV3.
The difference between single control volume and three control volume is 
that both inlet and outlet chambers are not ideal chambers. Compressed air 
from air supply goes into inlet chamber with changes in its status, and the 
status o f air in outlet chamber is not same as that of atmosphere. The
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system is now cascaded by these three control volumes and heat transfer 
exists among them.
Three-control-volume method is more complicated than single control 
volume method and presents more accurate simulation results.
5.1.3 Multi-control volume method
Figure 5.4. Diagram o f multi control volume method
In order to have an insight into a scroll air motor, we consider it as a multi- 
control-volume object. By combining Figure 4.4 and Figure 5.1, Figure 5.4 
gives the diagram of choosing control volumes. Further to three control 
volume method, multi control volume method divides the work chamber in 
Figure 5.3 into three parts. Chamber 1 is central chamber of a scroll air 
motor, which connects to inlet chamber. Chamber 2A, 2B, 3A, 3B are side 
chambers formed by moving and fixed scrolls. Compressed air goes 
through inlet chamber, and chamber 1, and then it is divided into parts. 
After that, these two parts merge in outlet chamber and let out into 
atmosphere. In this thesis, two paired side chambers are considered
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symmetric in both mechanical and thermal terms. However, in fact, due to 
different shape change between fixed and moving scrolls caused by 
compressed air, the volumes o f two paired side chambers are different 
resulting in different thermal characteristics. Apart from shape change 
caused by air pressure, other unbalanced mechanical forces also make 
mechanical and thermal progresses of two paired side chambers uneven.
The advantage of the multi-control volume method is that we can study the 
dynamic processes deeply. A control volume is a study object. The status 
of compressed air inside every chamber of a scroll air motor can be 
simulated.
5.2 Equations describing the thermodynamics in the chambers
Change of pressure, mass of compressed air in any of the chambers 
described in last chapter with respect to the orbit angle a  can be calculated 
from an equation based on the first law of thermodynamics for an open 
control volume in conjunction with an air mass balance and equation of 
state. The first law of thermodynamics for an open volume can be written 
as:
(5.1)
V J  out
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Ecv is the total energy of the control volume, Q is the work done to the 
control volume, W is the work done by the control volume, m stands for 
the mass, h is the specific enthalpy, v is the velocity, g  is the gravity 
acceleration, z is the height.
Neglecting kinetic and potential energies, the total energy of the control 
volume Ecv reduces to its internal energy Ucv , then the left side of 
equation (5.1) can now be transformed into a more useful form as
dErv dUrv du dm
— — =  — = m —  + u ----
dt dt dt dt
(5.2)
As du -  CvdT + dV  and u = h -  p V  , the equation above
can be written as
dUcv = mC,, —  + 5p
CdV dm^
dt dt
dV dm 
■ p —  + h —  
dt dt
(5.3)
dt " dt y d T jv\
Assuming uniform pressure and temperature across each control volume, 
the work term on the right side of equation (5.1) can be written as:
W =
p  stands for the air pressure, V stands for the volume.
Thus the first law of thermodynamics for the open control volume becomes
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^  dT „
mLv ----- hi
dt
f dpÌ (d V  dm \
U T ) V X dt dt y
. dm 
+ h —  
dt
=6+Z'"/A-Z,#,«a
dec
Let co stand for the angular speed, and co = —j -  , the equation above
becomes
dT -  1 \ T
da  mCv [ U r J i--
-
dV  v , .  . x
— -----K „ - mou,)dt co
(5.4)
CO CO
The air mass conversation for the control volume is
dm = X *” '" (5
da  co
The air state equation is also needs for thermodynamics calculation o f the 
control volume. And the equation of state has the form of
R is the gas contant.
(5.6)
Equation (5.4) represents the derivative of the temperature in the control 
volume with respect to the orbit angle. The thermodynamics of a scroll air 
motor chamber can be calculated with these equations as a function of the 
orbit angle a . In order to calculate the air mass flow rate, the theory of 
compressible flow through a restriction is required.
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5.3 Mass air flow in scroll chambers
According to working processes, the chambers formed with the scrolls of a 
scroll air motor can be divided into three categories, charge chamber, 
expansion chamber, and discharge chamber. As discussed at the start of 
this chapter, multi control volume method is used to construct the 
mathematical model o f the scroll air motor. In order to calculate mass air 
flow in each chamber, how air flows through an air motor needs to be 
investigated.
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Figure 5.5 Air flow of the charge chamber
The compressed air goes into the charge chamber at the centre of a scroll 
air motor and pushes the moving scroll to expand itself. As the volume of 
the charge chamber increases, the pressure should reduce. In order to 
analysis thermodynamics more efficiently, the air supply is assumed strong 
enough to keep the pressure at a fixed value. Due to imperfect mechanical 
surfaces, there are leakages between chambers. As the air supply is 
connected to the charge chamber directly, the air pressure in the charge 
chamber is always higher than other chambers of a scroll air motor when 
the air motor is running, so there is no leakage flowing into the charge
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chamber. And the only air flow towards the charge chamber is from the air 
supply. The air flow of the charge chamber is shown in Figure 5.5.
leakage in
expansion
chamber
Ficnirf»  S fi A i r  f i rm /  n f  a n  i
leakage
out
Ideally, an expansion chamber is closed and sealed, which means the 
amount of air mass inside an expansion chamber is constant through its 
life. However, in reality due to the gaps between either the two scrolls and 
one scroll base and one scroll wall, leakages are inevitable. As shown in 
Figure 5.6, for an expansion chamber, the inward air flow includes leakage 
from the charge chamber or a more inner expansion chamber if there is 
more than one pair o f expansion chambers. The air flow going out o f the 
chamber is the leakage to the discharge chamber or a more outer expansion 
chamber, where the pressure is lower.
leakage in
‘ discharge 
chamber
leakage 
out
flow out through 
the opening
Figure 5.7 Air flow of a discharge chamber
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For a discharge chamber, the inward air flow is from the expansion 
chamber next to it. As a discharge chamber is not closed, the outward 
flows include leakage and the air flow through the opening (Figure 5.7).
The model o f compressible air flow through restrictions will be used in this 
thesis to calculate the flow rate though a scroll air motor.
(5.7)
M  is the mass flow rate, p ] is the upstream pressure, p 2 is the 
downstream pressure, y  is ratio o f specific heat, R is gas constant, Tj is 
upstream temperature, A is the area of the flow. This flow is restricted by 
the critical pressure ratio described by the equation below for choked flow 
conditions.
5.4 Leakage flows
P i!  Pi
(  2
\
Y
r-1
{ r  + i j
For a scroll mechanism, ideally, moving scroll and fixed scroll contact 
each other perfectly while it is working. In reality, it is not practically 
feasible to machine them accurately enough. Thus leakage is not 
negligible, as it may lead to low energy efficiency. In order to make the 
model properly represent a scroll air motor, leakage must be counted in.
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There are mainly two types o f leakage in a scroll air motor (Gao Xiaojun et 
al. 2004). One is radial leakage, which goes through a clearance between 
the base plate of a scroll and the top o f the other scroll wall. The other type 
of leakage is flank leakage, which goes through a clearance between flanks 
of two scrolls. These two kinds o f leakage are illustrated in Figure 5.8. z  is 
the height o f the scroll walls, Sf  is the gap width o f flank leakage, Sr is 
the gap width of radial leakage.
Figure 5.8. Flank leakage and radial leakage
In order to calculate the leakage from a high pressure chamber to one with 
lower pressure, radial leakage and flank leakage are modelled with the 
flow equation for isentropic flow of a compressible ideal gas, equation
(5.7).
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5.4.1 Flank leakage
For flank leakage, the effective area of the gap is
Af  = z8f  (5.8)
z stands for the scroll wall height.
In reality, the gap width is not constant. It can be modelled as a function of 
the ratio of suction pressure and discharge pressure for a scroll compressor 
(Chen 2000). It is suggested that the flank gap width is around 10¡jm (Li 
1998), and this value will be used in this thesis.
5.4.2 Radial leakage
Radial leakage is more complicated than flank leakage. For a side chamber, 
there are a flow in wall and a flow out wall. The gap length varies as the 
moving scroll orbits.
Figure 5.9 illustrates the air flow of a side chamber. The arrows indicate 
the direction of air flow.
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radial
Figure 5.9. Leakage air flow diagram for a side chamber
As mentioned above, there is a flow in wall and a flow out wall for a side 
chamber. However, the wall segments between a pair o f side chambers can 
be considered as balanced segments, i.e. the air pressure on both sides of 
the segment are equal, so that there is no air flow cross the segment. Figure
5.10 shows the radial leakage segments in a scroll air motor. The wall 
segments between the chambers “xA” and “xB” are balanced and can be 
ignored when calculating radial leakage. Radial leakage flows cross a 
leakage segments from a high pressure chamber to a chamber with lower 
pressure next to the high pressure chamber, when the scroll air motor is 
running. The number of radial leakage segments is even, i.e. half of them 
are on the moving scroll and the other half are on the fixed scroll. At the
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orbit angle a  , the radial leakage segments on the moving scroll are 
\ln n  + a , (2n + \)n + a \ ; the radial leakage segments on the fixed scroll 
are ^ 2 n - \)n  + a ,2nn + a \ , {n = 0,1,2,...) . Because of the geometric 
symmetricity of the scrolls, the length of leakage segments on the moving 
scroll is equal to accordant leakage segments on the fixed scroll.
Leakage 
segments on 
the fixed scroll
Leakage 
segments 
on the
moving
scroll
Figure 5.10 Radial leakage segments in a scroll
The length of a radial leakage segment is calculated by
sr = £pd(P  (5.9)
is the start tangential angle of the segment; (p2 stands for the end 
tangential angle o f the segment.
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For radial leakage, the effective air flow area for the in flowing gas, Ar 
is different from that for out flowing gas, Ar out.
^  r in in ^ r
A  — v X
r out out ^  r
(5.10)
srJ„ and sr_ou, are gap lengths o f the effective air flow areas for in
flowing and out flowing gas respectively. They are both functions of the 
tangential angle.
Gaps are not constant in the real world, due to imperfect machining, 
friction, overturning moment and other factors. It is given that, for a scroll 
compressor, gap sizes are functions of operating conditions (Chen et al. 
2002) (Chen 2000). To simplify our analysis, we assume that all parts are 
rigid objects and their shapes cannot be changed. It is suggested in (Zhu 
1994) that radial gap is around 8r = 20/jm .
5.5 Motion Analysis of Scrolls
In this section, the motion of the moving scroll is analysed. In order to find 
the torque, the direction of the sum pressures apply on driving segment(s) 
of the moving scroll, the lever arm of force and the direction of the motion 
at a time must be found out. The moving scroll A is described by equation
(4.8). When a scroll air motor is in motion, every particle on the moving 
scroll is moving along a orbit with the radius o f r . Thus at a moment of t ,
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the direction of the motion, i.e. the direction o f velocity, is the tangent to 
the point of D (« ( /))  . The driving torque can be considered as a force for
rotation. The rotational analogues of force, mass and acceleration are 
torque, moment of inertia and angular acceleration respectively. It is 
known that the torque can be defined as the cross product:
t  = rxF
where t  is torque, r  is the vector from the axis o f rotation to the point on 
which the force is acting, F  is the force vector. By applying Newton’s 
Second Law of rotational motion:
T = Ia (5.11)
where T is the sum of all torques acting on a particle, I  is the moment of 
inertia and a is the angular acceleration. Because the moving scroll can 
only move along the circular orbit in either clockwise or anticlockwise 
direction, the sum of torque should point to the same direction as the 
angular acceleration.
The direction of effective pressure (sum of the pressures) is that of the 
velocity. Since the motion is circular, the length of the lever arm is equal to 
the radius o f the orbit, r .
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Figure 5.11. Relationship between the direction o f motion and 
direction of effective pressure
In Figure 5.11, the blue spiral represents the fixed scroll, the red spiral 
represents the moving scroll, the greater arrows are the direction of the 
movement at this moment, and the smaller arrows stand for the directions 
of the sum pressures at the points. Thus the sum force on a point can be 
obtained by:
d¥ = z\>dscos6 (5.12)
where z  is the depth of the scroll, ds is the arc length, and 0 is the angle 
between the direction o f movement and that o f the pressure at a particle,
71
which can be calculated by 6 = cp------ a .
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• moving scroll 
•fixed scroll 
orbit
Balanced
Figure 5.12. Drive segments and balanced segments
While a scroll air motor is moving, two chambers of a pair of side 
chambers are identical, so some segments of the moving scroll are 
balanced by the pressures in the identical chambers, while some segments 
on the moving scroll are drive segments, which generate torque.
In Figure 5.12, chamber 2A and 2B are identical, and the air pressure in 2A 
equals that in 2B. Same pressures apply on the scroll segment on the 
moving scroll between chamber 2A and 2B, so the force sum on this scroll 
segment is zero, i.e. this segment balanced. The pressure in Chamber 3B is 
lower than that in Chamber 2A, so the force sum on the scroll segment
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between Chamber 2A and Chamber 3B is greater than zero pointing 
outwards. This scroll segment is a drive segment. From the above, at orbit 
angle a  , the drive segments are q> e \cc + 2nn ,a  + (2« + l);r] , 
0 <n  <the number of side chamberpairs+1. There is only one driving 
segment for each pair of side chambers. Therefore, the sum of air force is 
that of the air forces on all drive segments.
Figure 5.13. Diagrams indicating direction o f motion and direction of 
force at different orbiting angles
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At the orbiting angle a , the drive segments on the moving scroll are:
(p e [a + 2nn, a  + (2n + l);r] 
n -  0,1,.., and 2n;r + a  < (pmd
(5.13)
(pend is the maximum tangential angle o f the moving scroll. From 
equations (5.11), (5.12) and (5.13) the drive force applied on a drive 
segment is
f:+2nn+n , v+2„,
p 0 is the radius o f curvature at tangential angle In n  + a  .
After integration, equation (5.14) becomes
F = zp(2p0 + 2 tea + (4 n +1 )tcn) (5.15)
The torque generated on a drive segment by the drive force is
x -  zrp(2yO0 +2ica + (4« + l)/c r^) (5.16)
The torque generated by a scroll air motor is the sum of the torques on all 
drive segments.
Figure 5.13 shows the direction of motion and the direction o f force at the 
orbiting angle «  = 0° (upper left), a  = 30° (upper right), a  = 50° (lower 
right), a  = 110° (lower left).
u -  — - a - 2 n n Wm (5.14)
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5.6 Mass flow rate calculation
The mass flow rate of a scroll air motor is calculated as the amount of mass 
that charges the charge/central chamber divided by the time it takes for one 
entire revolution. Therefore, the mass flow rate is of the form of
m = mc col{2n) (5.17)
m stands for the average mass flow rate, mc stands for air mass in the 
charge chamber at a steady flow rate, a> stands for the angular speed.
5.7 Overall model of scroll air motor dynamic processes
To give a mathematical model of a simplified scroll air motor, some 
assumptions must be made: the compressed is ideal gas, there is no static 
friction, no heat transfer, surrounding temperature is constant, and the 
supply pressure is constant.
Based on the description in last three chapters, i.e. orifice theory, equation 
(2.17), mathematical model of a control volume, equation (2.33) and
(2.34), the orbit, equation (4.7), the geometry model o f a scroll air motor, 
equation (4.20), Newton’s second law of motion, equation (5.11) , the 
force analysis, equations (5.14) and (5.16), leakage model, equation (5.7), 
(5.8) and (5.10), a state-space model of a scroll-type air motor.
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03 — T  drive T f  load (5.18)
>fn ijn,m i oul, Pi, p i ln,Pi m, ) (5.19)
The system can be considered as a cascaded connection of two non-linear 
systems. Equation (5.18) represents the mechanical part o f the model, 
where a> stands for the angular speed, rMve stands for the drive torque 
generated by compressed air, rf  stands for the friction, and t,oad stands 
for torque load. Equation (5.19) represents the air dynamic part o f the 
system, where p, stands for the derivative o f instantaneous air pressure in
each chamber, Vi stands for the derivative o f instantaneous volume o f the 
chamber, Vi stands for the instantaneous volume o f the chamber, mi in 
stands for the mass flow rate into the chamber, mi oul stands for the mass 
flow rate going out of the chamber, />, stands for the instantaneous 
pressure o f the chamber, p i m stands for the upstream pressure of the 
inward air flow, p i oul stands for the downstream pressure of the outward 
air flow.
Figure 5.14 Flowchart of the model
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Figure 5.14 shows the flowchart o f the mathematical model of the scroll air 
motor. It can be seen that the torque calculation and thermodynamics 
calculation are both based on the geometrical model, whose inputs are the 
orbit angle and scroll parameters.
The scroll air motor used for the experiment has the following parameters: 
p 0 = 9.5mm , r = 5.5mm , 8  = 4.5mm , (p e [0,3.5;r] . Then the state 
variables are x, : orbiting angle, x2: angular speed, x3: pressure in the 
centre/charge chamber, x4 : pressure in the expansion chambers, x5 : 
pressure in the discharge chambers, x6: pressure in the exhaust chamber.
*1
x3
*4
X5
Initial value Final value
Figure 5.15 Diagram o f states shifting
In order to solve the dynamic system, a method called states shifting must 
be introduced. As it shown in Figure 5.15, x ,: orbiting angle, x3: pressure
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in the centre/charge chamber, x4: pressure in the expansion chambers, x5: 
pressure in the discharge chambers. x6: pressure in the exhaust chamber. 
The curves between the state variables show the transition behaviours. As a 
shaft revolution equals 2n , a scroll air motor runs repeatedly at the period 
of 2n  . Compressed air goes into the scroll-type air motor. The first 
chamber it reaches is the central/charge chamber. As the air motor runs, at 
x, =2 jt  , a certain mass of compressed air is sealed in the expansion 
chambers. The initial value o f x4 is the final value of x3. At the orbit angle 
a  -  a e = a d = 1.5n , the expansion chambers become discharge chambers, 
the arrowed curve between x4 and x5 indicates the state transition. The 
value o f x5 at the orbit angle 0 is equal to that at the orbit angle 2n  . x6 is 
of the period of 2 n , and its initial value at orbit angle of 0 equals its final 
value at the orbit angle o f 2 n . The principal of state shifting is that the 
state variation o f a certain mass of compressed air is observed as it travels 
from the central chamber through the side chambers to the outlet. If there 
are N  pairs of expansion chambers, at every x, = 2n  (Figure 5.15), the
pressure o f the n'h chamber becomes the pressure of the (n +]Jh chamber 
and then the air motor goes into another cycle.
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5.8 The simulation result
The simulation result of a step response of the mathematical model with 
the following parameters is shown in this section. The results of different 
conditions, i.e., different supply pressure, different load, will be given in 
Chapter 7.
The parameters of the model are:
M f = 0.09 ; p s =3.5 bar ; p am = lb a r ; T = 293 K ; Æ = 287J/Kkg ; 
J  = 12.77x10^ Ns2 /(m Rad) ; r  = 6.33xl0‘3m ; p0 = 5.17xl(T3 m ; 
z = 10xl0-3 m ; X  = X max = 3x 10“3 m ; z = 3.32mm , (pe\0,3.5zr] ,
A ackp la 'e  =  1 1 2wW i S  = 4.5/W/W
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Figure 5.16. Simulation result showing pressure states in chambers of a scroll air
motor
Figure 5.16 shows how the pressure inside a scroll-type air motor 
responses to a step input, X  = 3x 10“3 m, at time equals zero. The initial 
pressure in any chamber is 1 bar, and the value of initial orbit angle is zero. 
From the figure, the pressure in the central/charge chamber keeps nearly 
constant at the supply pressure. The compressed air pushes the moving 
scroll to orbit. It can be considered as a quasi-static process, where 
transmission power o f compressed air is utilised. As the compressed air 
goes into the expansion chambers, the pressure decreases from 3 bar to 
2.85 bar as the volume of the side chambers expand and the effect of 
leakage. The slope o f the pressure is nearly constant. This can be explained 
using the simulation result in Figure 4.12, where the derivative of the
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expansion chambers’ volume is a constant. Furthermore, the expansion 
process can be considered isothermal. According to the ideal gas law that 
the product of air pressure and its volume is a constant where the 
temperature does not change, the rate pressure change is constant. 
However, due to the leakage flows, the rate of change is not exactly a 
constant during the expansion process. In the discharge chambers, the 
pressure drops more quickly than it does in the expansion chambers as the 
result o f discharging into the exhaust chamber. It can be seen that the 
exhaust pressure is very low. Expansion power of compressed air is 
utilised as the compressed air flows through the expansion and discharge 
chambers.
Figure 5.17 Simulation results o f orbit angle and angular speed
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Figure 5.17, shows the simulation result of the orbit angle and angular 
speed response of the step input. The orbit angle changes from zero to 2 n  
periodically. The instantaneous value of the angular speed changes at the 
same frequency of the orbit angle. It increases from when the orbit angle 
equals zero and reaches the peak when the orbit angle equals 1.5n . Then it 
decreases until the orbit angle goes back to zero. From Figure 4.11 and 
Figure 5.16, it can be seen that if the orbiting angle is between \.5n  and 
n , there is not any expansion chambers. Furthermore, the compressed air 
in the discharge chambers flows into the exhaust chamber during this 
period. These result in a rapid drop in drive torque. Then the angular speed 
decreases.
Figure 5.18 shows angular speed responses with three supply pressure 
inputs. When the supply pressure is 4 bar, the steady state angular speed is 
around 3200 rpm; when the supply pressure is 5 bar, the steady state 
angular speed is around 4150 rpm; when the supply pressure is 6 bar, the 
steady state angular speed is around 5100 rpm. It can be seen that higher 
supply pressure will lead to higher angular speed at steady state and shorter 
rising time.
Figure 5.19 presents the relationship between rotating speed and supply 
pressure using the mathematical model and the parameters introduced in 
Chapter 4 and 5. The rotating speed increases up to 3000 rpm as the supply
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pressure increases from atmospheric pressure to 3 bar. From the simulation 
result, it can be seen that the angular speed of scroll air motor at steady 
state is linear against the supply pressure input.
Time (s)
Figure 5.18 Angular speed responses with different supply pressure
inputs
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Figure 5.19. Simulation result of supply pressure v.s. angular speed
without load
5.9 Summary
The dynamics of a scroll air motor is analysed in this chapter. The models 
for leakage, friction, force, torque, and the chambers are given to develop 
the mathematical model for a scroll air motor together with the geometric 
model introduced in Chapter 4. Individual processes within the air motor 
chambers have been identified and the models for these processes were 
developed. The model uses the first law of thermodynamics for open 
control volumes to calculate the instantaneous air state as a function of the 
orbiting angle. The simulation results of step response are given, from 
which the air pressure changes inside the chambers can be seen. This is 
important to understand and analyse the energy efficiency o f a scroll air
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motor. Simulation results for different conditions will be given in Chapter 
7, where the model is validated.
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C h a p t e r 6
E n e r g y  T r a n s f o r m a t i o n  o f  a S c r o l l  
A i r  M o t o r  a n d  E n e r g y  E f f i c i e n c y  
C o m p a r i s o n  b e t w e e n  a S c r o l l  A i r  
M o t o r  a n d  a V a n e  T y p e  A i r  M o t o r
As a scroll air motor is a pneumatic actuator to convert pneumatic energy 
into mechanical energy, in order to analyse energy efficiency of a 
pneumatic actuator, the energy characteristics of compressed air should be 
studied first. This chapter continues to theoretic study of air energy 
including the definition air energy and composition of air energy. Energy 
efficiency analysis of a scroll air motor is conducted using the 
mathematical model presented in the previous chapters. The energy 
conversion ability a vane type air motor is also analysed and its energy 
efficiency had been compared with the scroll air motor. The analysis shows 
that the scroll air motor is more energy efficient than the vane type air 
motor.
Chapter 6 Energy Transformation of a Scroll Air Motor and Energy
Efficiency Comparison between a Scroll Air Motor and a Vane Type Air
Motor
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6.1 Energy carried by air
There was no method to calculate the power consumed by air flow until the 
concept, called air power, was proposed by (Cai, Kawashima & Kagawa 
2006). The term, energy represents the work-producing potential that can 
be extracted from a substance. For compressed air, the potential is its 
available energy. It is the maximum work that can be extracted from air as 
it undergoes a reversible process from a given state to the atmospheric state 
on the surrounding of the atmosphere. From (Cai, Kagawa & Kawashima 
2002), when the air temperature is equal to atmospheric temperature, the 
available energy per unit mass of air can be expressed by
Chapter 6 Energy Transformation o f a Scroll Air Motor and Energy
Efficiency Comparison between a Scroll Air Motor and a Vane Type Air
Motor
p V . p
e -  —— In ——
m  P atm
(6.1)
p  is the air pressure, V stands for air volume, m stands for the air mass. 
From equation (6.1), it can be concluded that p  has to be greater or equal 
to the atmospheric pressure p atm so that the available energy exists. And if 
p  is equal to p am, e is equal to zero. That means air conveys available 
energy if and only if its pressure is greater than p alm.
The air power can be defined by:
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(6.2)
M  stands for mass flow rate o f air, R stands for the gas constant, T
stands for air temperature, y  stands for specific heat ratio. When the air 
temperature is equal to atmospheric temperature, i.e., T  = Tam, air power 
can be calculated by
Q stands for volumetric flow rate.
Air power consists of two parts (Cai, Kawashima & Kagawa 2006). One is 
transmission power that represents pushing power from the upstream to the 
downstream. Pneumatic cylinders normally utilise this part only. However, 
compressed air contains not only transmission power, but also, because of 
compressibility of air, expansion power. Even when the upstream air inlet 
is shut off, the compressed air inside the chambers can still carry on the 
work by expanding. Thus another significant part of air power is expansion 
power that shows the work ability by air expansion.
Assuming there is no friction of leakage, the ideal processes of consuming 
compressed air energy in shown in Figure 6.1. In part (a), the cylinder is 
charged with the compressed air and the supply pressure is p s . The piston
P = MRTalm\ n ^ -  = p Q \n ^ - (6.3)
P atm Patm
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is pushed by the supply pressure from the position A to B and drives the 
load. During this process, the supply pressure is constant and the drive 
chamber is open to the compressed air source. Then the transmission 
energy o f compressed air is doing work. In (b) part of the figure, the air 
inlet is shut, and the compressed air sealed inside the chamber expands 
until the piston enters balanced condition. During this process, the 
expansion energy pushes the piston from the position B to C and output 
work. The pressure-volume diagram of the charge and expansion processes 
is shown in the (c) part o f the figure.
Chapter 6 Energy Transformation of a Scroll Air Motor and Energy
Efficiency Comparison between a Scroll Air Motor and a Vane Type Air
Motor
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Figure 6.1 Ideal consumption of compressed air energy
Under the atmospheric temperature, the transmission power of air can be 
expressed by:
P, =MRTatm 1 - (6.4)
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The expansion power of compressed air under atmospheric temperature 
can be expressed by:
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Pe = MRT, In
P
P a lm
\
-1
7
(6.5)
Assuming atmospheric pressure is 1x10s Pascal, Figure 6.2 shows the 
percentage of expansion energy and that of transmission energy to total air 
energy vs. air pressure. In the figure, the black and grey curves show how 
the ratio of expansion energy and transmission energy vary respectively. 
The ratio of transmission energy goes down from 1 to below 0.4, while the 
ratio of expansion energy increases from zero to above 0.6. These two 
curves meet at the pressure is 4.9 xlO5 P a . The higher the air pressure is, 
the lager ratio of expansion energy is. Since the air supply pressure in
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factories ranges from 6 x l0 5Pa to 10xl05Pa ,  the ratio of expansion 
energy is typically larger than that o f transmission energy, so how to utilise 
expansion energy of compressed air is very important to energy efficiency 
of a pneumatic system. It shows that savings of 30% air energy is quite 
normal (CADDET 1999).
The temperature o f air hardly influences air energy when we are discussing 
energy efficiency of a pneumatic actuator because the air power increases 
about 15% when the temperature difference is 100 K (Cai, Kagawa & 
Kawashima 2002). Besides transmission energy and expansion energy, 
kinetic energy can also be converted into mechanical work. However it 
accounts for less than 5% of available energy when the average velocity is 
below 100 m/s at the pressure above 3x l05 P a . Therefore, kinetic energy 
can normally be neglected when the internal energy distribution in 
pneumatic components is not counted in.
6.1 Energy distribution of a pneumatic actuator system
Figure 6.3 shows how a pneumatic actuator system utilise the energy 
delivered by compressed air. As a pneumatic actuator system is driven by 
compressed air, all the energy goes into the system is from compressed air 
used to operate the system. As mentioned earlier, available energy of 
compressed air consists of transmission energy and expansion energy. A 
pneumatic actuator system converts energy carried by the compressed air
Chapter 6 Energy Transformation of a Scroll Air Motor and Energy
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into mechanical energy and outputs it through the shaft. The output work is 
always less than the available energy. The energy loss includes mechanical 
losses due to friction and vibration, and the losses in the forms of leakage 
and heat transfer.
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Figure 6.3 Energy distribution o f a pneumatic actuator system
6.2 Ability of energy conversion of a scroll-type air motor
A pneumatic cylinder is a very popular and common actuator used around 
the world. A normal actuation mode o f a cylinder is: in the driving stroke 
of a cylinder actuation, there is little pressure disturbance in the drive 
chamber. In the returning stroke, compressed air in the drive chamber will 
be exhausted. In this actuation mode, it can be seen that there is no work 
done by air expansion and supplied expansive energy is not utilised.
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Generally, expansive power accounts for more than half of all power 
transmitted in airflow.
A scroll air motor utilises both transmission power and expansion power of 
compressed air. The central chamber works as a cylinder does. When a 
scroll air motor is running, compressed air directly and continuously goes 
into the central chamber. The section of moving scroll, which is one of the 
walls of central chamber, is pushed by the air. The pressure in the central 
chamber keeps roughly constant. Transmission power o f air is utilised in 
charging phase. After the air goes into the side chambers, expansive energy 
is utilised to push corresponding sections on the moving scroll. The energy 
of the compressed air is utilised gradually as it goes from the central 
chamber through the most outer side chambers.
Using the parameters of a scroll-type air motor given in Chapter 3 and 
Chapter 4, at the supply pressure is 3 bar, the air pressures inside the 
chambers of the scroll-type air motor is shown in Figure 5.16. From the 
figure, we can see the three phases, charging phase, expansion phase and 
discharging phase, are happening simultaneously in different chambers, 
which is not convenient for analysing energy efficiency. If we focus on a 
certain mass of air and track the pressure variation of that air, the situation 
is clear. Figure 6.4 clearly shows how the pressure varies as a certain mass 
o f air travels through the scroll-type air motor. The air goes into the central
Chapter 6 Energy Transformation of a Scroll Air Motor and Energy
Efficiency Comparison between a Scroll Air Motor and a Vane Type An-
Motor
128
chamber starting the charging phase at point A. The charging phase ends at 
point B, which is also the start of expansion phase. Through point A to 
point B, the pressure keeps constant at the value o f the supply pressure. 
The curve between point B and D indicates pressure change through 
expansion process. The discharging phase starts at point D. The air 
exhausts into atmosphere thereafter.
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Figure 6.4. Pressure-volume diagram for a scroll air motor
Figure 6.5 shows the three types o f expansion, normal expansion, (a), 
deficient expansion, (b), and over expansion, (c). Deficient expansion 
refers to the expansion that leads to the pressure after expansion is higher 
than the ideal exhaust pressure, which is normally atmospheric pressure, 
Pam • When it is higher than the exhaust pressure, an isochoric expansion
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loss will occur. Over expansion leads to the pressure after expansion lower 
than the ideal exhaust pressure and the gas in the exhaust chamber will 
flow backwards into the control volume and an isochoric compression loss 
will appear. In order to maximise the energy efficiency, a normal 
expansion is desired. The supply pressure should be set according to the 
expansion ratio of a scroll-type air motor. Ideally, the supply pressure 
should be set to the value that makes the discharge pressure is equal to the 
ambient pressure to make sure the maximum energy efficiency occurs. 
That is called normal expansion. However, in reality, deficient expansion is 
more feasible than normal expansion, which makes discharge pressure is 
higher than ambient pressure. It is called over expansion for a scroll-type 
air motor if the exhaust pressure is below atmospheric pressure, gas in 
atmosphere will flow.
The hatched area in Figure 6.5 represents the energy loss due to over or 
deficient expansion.
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A. normal expansion
B. deficient expansion
C. over expansion
Figure 6.5 Three types o f expansion
6.3 Power output of a scroll-type air motor
For a scroll-type air motor, the higher energy efficiency does not mean the 
high power. Air power is calculated by equation (6.3). Increasing the 
supply pressure can increase the air power. However, with the expansion 
ratio is fixed, the higher supply pressure may lead to deficient expansion 
and an isochoric expansion loss. Furthermore, as power of a scroll-type air 
motor is the product of the energy efficiency and the air power, very low 
energy efficiency could lead to lower output power of a scroll-type air 
motor.
Power o f a rotary machine is calculated by:
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Power (kw) = TorQue (N111) Speed (rpm)
9550
Substituting the simulation results into equation (6.6), power output from 
the scroll-type air motor is shown as the grey curve in Figure 6.6. The 
black curve stands for air power calculated by equation (6.3). Both air 
power and power generated by the scroll-type air motor increase while the 
supply pressure increases from 0.35 MPa to 3 MPa.
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Figure 6.6. Air power and power generated by the scroll-type air motor
6.4 Energy efficiency comparison between a scroll-type air motor 
and a vane type air motor
Energy efficiency o f a scroll-type air motor is calculated by:
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Power generated by the air motor
rj = ----------------------------------------------  (6.7)
Air power consumed by the air motor
Using the equation above and the mathematical model for the scroll air 
motor presented in the previous chapters, the energy efficiency of the scroll 
air motor can be calculated. Similarly, using the equation above and the 
mathematical model for a vane type air motor intriduced in Chapter 2, the 
energy efficiency o f the vane type air motor can be calculated.
In order to compare the restults, the following standards must be 
introduced:
•  These two models are simulated under same assumptions (Yang, 
Wang & Ke 2006) (Wang et al. 1998) (Yang et al. 2008b) (Yang, 
Wang & Nan 2007) .
•  The displacement volume of the vane-type air motor and that o f the 
scroll-type air motor are equal.
•  The inertias and the loads of the air motors are same. And the air 
motors have same dynamic friction coefficients.
•  The air supplies are constant and continuous with same pressure.
•  The air motors respectively get same air energy in the same period of 
time.
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Figure 6.7 shows that while the supply pressure increases as the supply 
pressure increase. It hits the peak of 76% at the supply pressure o f 4.4 bar. 
Then the energy efficiency decreases as the supply pressure continues 
increasing.
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Figure 6.7. Energy efficiency v.s. supply pressure for the scroll air 
motor (simulation result)
Figure 6.8 shows the energy efficiency of the vane type air motor. It can be 
seen that the energy efficiency of the vane type air motor is much lower 
than that of the scroll air motor under same conditions. The simulation 
results in Chapter 3 indicate that the exhaust o f the vane type air motor is 
much higher than that of the scroll motor under equivalent conditions. That
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means that fact that most air energy is wasted in the exhaust o f the vane 
type air motor.
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Figure 6.8 Energy efficiency v.s. supply pressure for the vane type air 
motor (simulation result)
(Yang et al. 2008a) discovered that using a by-pass valve to reuse exhaust 
of a pneumatic drive system can increase its energy efficiency and 
performance. However, this method only applies to pneumatic servo- 
control systems. For a pneumatic drive system that needs to run at a 
constant speed, a by-pass valve can not re-circulate the exhaust.
From the comparison, the scroll air motor is able to transform energy more 
efficiently than the vane type air motor, as the scroll air motor is able to 
utilise both transmission and expansion energy in the compressed air, while
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the vane type air motor is able to utilise the transmission energy only. This 
can also be drawn from the pressure-volume diagrams of these two types 
of air motors. From the simulation result of the vane type air motor, Figure 
3.5, the pressure-volume diagram of the vane type air motor is similar to 
that of the scroll air motor, Figure 6.4. However, the compressed air does 
not do any work once it enters Chamber B, Figure 3.2. Thus, the work 
done by the same amount mass o f compressed air in the scroll air motor is 
much bigger than that o f the vane type air motor.
6.5 Summary
The energy efficiency of the scroll-type air motors is much higher than the 
average energy efficiency o f conventional pneumatic actuating systems, 
which is often lower than 30% (Cai & Kagawa 2001). In fact, irreversible 
processes such as friction, heat transfer, and air mixture will cause air 
power loss, so the actual energy efficiency of a scroll-type air motor should 
below the theoretical value.
In theory, energy efficiency of a scroll-type air motor mainly depends on 
supply air pressure, surrounding air pressure and ratio of expansion. 
Furthermore, high energy efficiency does not necessarily mean high power. 
However, it is still possible for a scroll type air motor to have both high
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energy efficiency and high power, where high supply pressure is used to 
drive a scroll type air motor with proper expansion ratio.
In order to utilise air energy as much as possible, expansion ratio of side 
chambers is very important. Normal expansion is desired, as both deficient 
expansion an over expansion negatively affect the operating performance 
and energy efficiency o f a scroll air motor.
Energy efficiency of the scroll air motor is compared with that of the vane 
type air motor. The vane type air motor has lower energy efficiency mainly 
due to its structure, which utilises transition energy of compressed air only.
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C h a p t e r 7
T h e  E x p e r i m e n t a l  S y s t e m  a n d  
M o d e l  V a l i d a t i o n
In order to validate the mathematical model for the scroll air motor and 
analyse the energy efficiency of the scroll air motor, experimental 
investigations have been performed. The testing rig was constructed, 
including compressed air supply, the scroll air motor, the three phase AC 
generator, electrical loads, sensors, and data acquisition system. The scroll 
air motor driven by compressed air is used to drive the load, the three 
phase AC generator and bulbs. The supply pressure, exhaust pressure, air 
flow rate, angular speeds o f the shaft, voltage and current outputs o f the 
AC generator are measured to validate the model. Using the measured data, 
the air power is calculated and furthermore energy efficiency can be 
analysed.
7.1 Overview of the test rig
The test rig consists o f three functional blocks, the pneumatic block, the 
mechanical block, and the electric/electronic block. Beside these three 
blocks, the data acquisition system is based on National Instruments® 
LabVIEW® and PCI-6024E data acquisition card. The pneumatic block 
includes an air compressor, the scroll type air motor, a control valve,
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compressed air preparation equipments, a silencer and the links. The 
mechanical block consists of the scroll air motor, the encoder, and the 
alternator. The electric/electronic block consists of two pressure sensors, a 
flow rate metre, a voltage sensor, a current sensor, and the load. The 
diagram of the rig is shown in Figure 7.1. The orange lines stand for 
electronic circuit between the sensors and the PC or the electric circuit 
between the alternator and the load. The blue lines stand for pneumatic 
tubes between the pneumatic devices. The black columns stand for 
mechanical shafts between the encoder and the air motor, and the scroll air 
motor and the alternator.
Figure 7.1 Functional blocks of the testing rig
The PC controls the scroll air motor to turn on with preset air pressure. The 
scroll air motor drives the alternator to generate electricity. Then the 
electricity drives the load, which is a group o f bulbs in the system. The air 
compressor supplies the air motor with high pressure gas through the
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regulator, the filter and the control valve. The exhaust goes out through the 
silencer. The block encoder in the figure represents an optical incremental 
encoder, which outputs fixed number of pulses every rotation. By 
measuring the frequency of the pulses from the encoder, the controller can 
work out the rotation speed of the air motor. The angular speed of the 
scroll air motor can also be figured out by measuring the frequency of the 
alternator output voltage. The voltage and current outputs from the 
alternator can be measured by the voltage sensor and the current sensor, 
and the RMS (Root Mean Square) values are calculated by the Lab VIEW 
program. With the motion control card, the PC monitors and logs the speed 
of the air motor, supply and exhaust air pressure, outputs from the 
alternator and air flow rate.
The experimental data are used to calculate the air power and the output 
power from the scroll air motor. Then the energy efficiency can be derived 
from the data.
The data acquisition system can also be divided into three layers shown in 
Figure 7.2. The actual device layer includes all the sensors, meters, valves 
and the motion control card. This layer sends raw data to the virtual device 
layer and receives instruction from virtual device layer. The virtual device 
layer adapts the raw data, converts them into engineering units and sends 
the data in engineering units to the data processing layer. Also, the virtual 
device layer converts the instructions from the data processing layer into
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physical voltage or current and sends them to the actual device layer. The 
data processing layer and the virtual device layer are performed by the 
software.
Figure 7.2 Layer model of the data acquisition system
hxhaust pressure U Flowmeter 
sensor [ I----------
Silencer
Alternator
Supply pressure 
sensor
Three phase
Coupling AC outputScroll air motor
Figure 7.3 The testing rig
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Figure 7.3 is the photograph of the test rig, in which the components are 
indicated. The specifications of these parts and calibration are in the 
following sectors.
7.2 The list of the devices and software
The devices and software used for the experiments are listed in the table 
below.
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1. Air motor Modified TRS090 scroll compressor
2. Alternator Three phase AC brushless servo motor 3BRS-71- 
M4-3000
3. Air compressor Tiger® type 8/25; Output pressure: 0-6bar
4. Compressed air 
tank
BOC compressed air tank, filled to 200 bar
5. Regulator + 
filter + 
lubricator
FESTO LDE M2-G1/4-P
6. Pneumatic
valve
FESTO MPYE 5-1/8-HF-010B
7. Pressure sensor FESTO SDE-10-10v/20mA; measure range: 0- 
lObar; output: 0-1 Ov DC or 4-20mA
8. Flow meter 
(high flow rate)
FESTO MS6 SFE-F5-P2U-M12; measure range: 
200-5000 1/min; analogue output: 0-1 Ov DC
9. Flow meter 
(low flow rate)
FESTO SFE-LF-F200-HQ8-P2I-M12; measure 
range: 0.5-200 1/min; analogue output: 4-20mA
10. Current
transducer
LEM LTS 6-NP; measure range: 0-6A DC/AC; 
output: 2.5±0.625v DC
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11. Voltage
transducer
230V/9V transformer
12. Encoder British Encoder 775-1500; pulse per revolution: 
1500
13. Data
acquisition
card
National Instruments® PCI 6024E
14. Data
acquisition
software
National Instruments® Lab VIEW®
15. Load 110V, 6w, bulbs x 9
16. PC Pentium 4, 1G ram, 160G HDD
Besides the devices listed above in the table, various cables, leads, tubes, 
adaptors, and sockets were used in the experiments. The sensor cables were 
supplied with the sensors. Normal AC leads rated 300AC/10A were used 
to connect the alternator and the load. 6mm-diameter tube was used 
between the air regulator and the scroll air motor. The scroll air motor was 
lubricated with SAE40 (SANDEN TRS090 Specification 1997) (Nieter & 
Gagne 1992).
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7.3 Modification of the scroll
Compressor air
Figure 7.4 TRS090 air conditioner compressor
The scroll used for experiments is modified from a scroll type air 
compressor designed for car air conditioners. A TRS 090 auto air 
conditioner compressor is shown in Figure 7.4. The original pack comes 
with the main body, a compressor air suction port, a compressor air 
discharge port, a grooved pulley and a clutch control cable. When it is 
running as a compressor, the clutch engages, so that the moving scroll is 
driven by the shaft following the pulley powered by the car engine. And 
the compressor intakes air through the compressor air suction port then 
pressurises the air and finally discharges the compressed air through the 
compressor air discharge port.
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Shaft assembly Moving scroll Fixed scroll Housing
Figure 7.5 The main parts of the scroll air motor
Figure 7.5 shows the disassembly of the main parts of the scroll air motor, 
which are the shaft assembly, the moving scroll, the fixed scroll, and the 
housing. When the scroll air motor is assembled, the fixed scroll is fixed on 
the bottom of the housing with four bolts screwed into the back plate o f the 
fixed scroll through the holes on the bottom of the housing. The air inlet 
and the air outlet are on the side wall of the housing. The scroll side of the 
moving scroll touches the scroll side of the fixed scroll in conjugacy. The 
back plate of the moving scroll connects to the shaft with the cam and ball 
bearing coupling.
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The fixed scroll with the non return valve The fixed scroll without the non return valve
Figure 7.6 Fixed scroll modification
Because a scroll air motor is a scroll air compressor working backwards, it 
must be modified to make it work as a scroll air motor. The clutch pulley 
and the clutch control cable are removed from the main body. The 
compressor air suction port and compressor air discharge port work as air 
motor air outlet and air motor air inlet respectively. Inside the housing, the 
non return valve is removed from the fixed scroll to allow compressed air 
flow into the chambers formed by the scrolls, Figure 7.6.
7.4 The dimensions and characteristics of the scroll a ir motor
In order to validate the mathematical model described in the early chapters, 
the real value of the scroll air motor must be obtained and substituted into 
the equations. The nominal values from the datasheet are: displacement 
85.7cc/rev; allowable continuous speed 10,000rpm; maximum downshift
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speed 12,000rpm; weight 3.85kg; inertia 17.4xl0'2kgm2. (TRS090 
Datasheet 1997)
The geometry dimensions o f a scroll are measured by a venire calliper. It 
shows in Figure 7.7, <t>backpiale stands for the diameter o f the back plate; z
stands for the height of the scroll wall; 5  stands for the scroll wall 
thickness; S + 2r is the pitch between 2n  of scroll. The measured 
dimensions are: 8  -  4mm , r -  6mm , z = 33.2mm ; <t>backplale = 112mm ;
and the tangential angle q> e [0,3.5t t ].
Substitute the measured values into equation (4.5) and (4.15), the scroll is 
constructed mathematically. Figure 7.8 shows the comparison between the 
real scroll and the computerised scroll created with the measured 
parameters. By projecting the real scroll and the mathematically 
constructed scroll on the same plane, it shows that the real scroll lies 
underneath the constructed scroll. The dark scroll in the back is the real 
scroll, and the transparent scroll in the front is the constructed scroll. The 
shapes and the trends are the same. However there are some differences 
between the scrolls. The major difference is at the inner end of the scrolls.
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Figure 7.7 The dimension designators of a scroll
Figure 7.8 The comparison o f the real scroll and the computerised scroll
l*tO
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From Figure 7.7 and Figure 7.8, the inner end o f the real scroll is not just a 
simple spiral. In reality the inner end of the scroll is specially designed to 
decrease the volume o f the discharging chamber of the scroll air 
compressor, so that the compression ratio is increased (Lee & Wu 1995).
7.5 The alternator in the system
The alternator used in the experiment system is a three phase synchronous 
brushless AC servomotor model 3BRS 71-M4-3000 (3EKM 71-M4-3000). 
It is a four-pole motor with maximum speed of 3000rpm, peak current 
18.8A and maximum voltage 310V AC, stall torque 3.8Nm, rotor inertia 
5x10"4 kgm2 (Handbook o f AC Synchronous Servomotor 3BRS-71-M4- 
3000 2005). The stator coils are A (delta) connected. Figure 7.9 is the 
equivalent circuit o f the alternator stator. E A is the induced voltage on 
each stator coil. Rcojl stands for the copper resistance of each stator 
winding. jX s is the reacted voltage on each coil. V, represents line 
voltage. In a A configuration, the line voltage is equal to the phase voltage 
\ p, and the line current 1L is ^3  times as great as the phase current I F in 
value. (Chapman 2005)
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Figure 7.9 The alternator stator equivalent circuit
The torque constant kT -0 .S \N m /A  . The voltage constant 
kE = 54V/lOOOrpm (measured value); kE = 50F/1 OOOrpm (nominal 
value). The resistance of a winding Rcoll -  3.2Q (measured value); 
Rcml = 1.31Q (nominal value). The winding inductance Lcm, -  26mH 
(measured value); LcoU = l.\m H  (nominal value).
7.6 NI PCI 6024E card and Lab VIEW®
National Instruments® PCI 6024E is one o f the low-cost E Series 
multifunction data acquisition. It provides Two 12-bit analogue outputs; 8 
digital I/O lines; two 24-bit counters. The maximum sampling rate is 
200kS/s. The analogue input range is programmable with the maximum 
±10V. With National Instruments® Lab VIEW®, it can operate real-time.
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r
Figure 7.10 National Instruments PCI 6024E data acquisition card and CB-
68LP terminal block
There are five analogue signals from the testing rig. They are supply 
pressure, 0-10V DC; exhaust pressure, 0-10V DC; air flow rate, 0-10V 
DC; AC voltage, 0-10V DC; and AC current, 2.5±0.625V DC. All these 
signals are sent to the data acquisition card via the terminal block, CB- 
68LP. (Figure 7.10)
LabVIEW® (short for Laboratory Virtual Instrumentation Engineering 
Workbench) is a platform and development environment for a visual 
programming language from National Instruments. The graphical language 
is named "G". It is commonly used for data acquisition, instrument control, 
and industrial automation on a variety of platforms including Microsoft 
Windows, various flavours of UNIX, Linux, and Mac OS.
In the system the sampling rate o f the card is set to 1000Hz.
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7.7 System calibration
Before carrying out the experiments, the system including all the sensors 
and the acquisition card must be calibrated to ensure the experimental data 
are true and accurate.
The data acquisition card, PCI 6024E, has onboard self calibration function. 
It is completely software controlled without any manual adjustment. The 
inputs and outputs are calibrated with onboard precise reference. The 
maximum absolute accuracy for the analogue inputs is 7.560mV at the 
measure range of ±10V {National Instruments PCI 6024E datasheet 2006).
coefficient
Figure 7.11 The voltage measurement circuit diagram
The voltage transducer is calibrated with the multi meter. Comparing the 
reading from the multi meter at the AC source with that from the data 
acquisition card at the output of the transformer, a coefficient is figured out. 
Due to linearity o f the transducer output respect to its input, the real value 
of the AC voltage is the product o f the analogue input and the coefficient 
(Figure 7.11).
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current transducer
Figure 7.12 The current measurement circuit diagram
The current transducer is calibrated with the clamp multi-meter, ISO- 
TECH-ICM3090. The principle of calibrating the current transducer is the 
same as that of calibrating the voltage transducer. The difference is, in the 
current measurement circuit, the transducer is connected in serial with the 
source and a load, while the voltage transducer is parallel with the source 
with or without a load. (Figure 7.12)
The pressure sensors and the flow rate metres are calibrated with the 
reference instruments provided by the supplier.
7.8 The load of the system
The load in the system is bulbs, which can be considered as pure resistant 
components. The bulbs are A (delta) connected. And the load on one phase 
is equal to that on the other phases. The value o f the load can be changed 
by adding or removing bulbs to or from the system. The voltage-ampere
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characteristic of the bulb is measured under different voltage conditions 
and used in calculation and modelling.
Figure 7.13 Resistance of a bulb derived from measured voltage-
ampere value
The curve in Figure 7.13 shows how resistance o f a bulb changes against 
supply voltage.
7.9 Experiments and experimental data processing
The experiments are designed to study the characteristics of the air motor- 
alternator, on which the energy efficiency of the air motor is analysed. In 
general, the system consists of three parts, the scroll air motor, the 
alternator and the load. And the scroll air motor and the alternator compose
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the energy conversion sector. A “dry run” is useful to study the energy 
conversion sector. “Dry run” means running a system without the load. By 
running a “dry run” some parameters such as voltage constant kE, friction 
characteristics and leakage can be calculated or predicted. Because the 
characteristics of the load are relatively simple than these o f the energy 
conversion sector and they are not the topic of the thesis, a “dry run” is 
quite important for analysis o f the whole system. After studying the energy 
conversion sector, the load is added into the system to analysis the energy 
efficiency. Experiments are done with the load of three bulbs (one on each 
phase), six bulbs (two on each phase), and nine bulbs (three on each phase). 
With different loads, the relationship between the input and the output are 
different, for example, the input pressure -  rotational speed curve, the input 
flow rate -  output voltage curve, and the most important issue, the input air 
power -  output electric power relationship.
AC voltage, AC current, inlet pressure, exhaust pressure, and volumetric 
flow rate are acquired from with the data acquisition card directly. The AC 
wave and its frequency can be used to calculate the angular speed o f the 
scroll air motor. The electric power generated by the alternator is the 
product of the RMS values o f the AC voltage and the AC current. The air 
power is calculated by equation (6.3). The experimental data are analysed 
in this chapter.
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7.9.1 Experiments without load
Figure 7.14 Experimental data (without load)
Figure 7.14 shows the experimental data of a “dry run”. The supply 
pressure is absolute pressure. The output voltage is RMS value. During the 
experiment, the supply pressure is adjusted manually with the pressure 
regulator to set the operating points. At the start, the scroll air motor does 
not rotate until the compressed air overcomes the static friction. It is 
noticed that even when the scroll air motor is not in motion, the air flow 
exists and reaches the maximum value of 100 1/min. This flow is caused by 
the gap inside the air motor. Also that means the air leakage counts for a 
large portion of energy loses.
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Figure 7.15 Angular speed vs AC voltage (without load)
Figure 7.15 shows the relationship between the angular speed and AC 
voltage, from which the constant kE = 0.054E / rpm can be derived.
Figure 7.16 Experimental result of supply pressure vs angular speed
without load
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Figure 7.16 shows the relationship between the supply pressure and the 
angular speed of the scroll air motor. Once the system has overcome the 
static friction, the curve is quite linear. The experimental result is 
consistent with the simulation result shown in Figure 5.19.
At the condition o f “dry run”, there is no current output, so the electric 
power is zero.
7.9.2 Experiments with load
The characteristics of the system are tested with the load of three bulbs, six 
bulbs, and nine bulbs respectively. The open loop input of the system is 
supply pressure, and the measured values are AC voltage, AC current, air 
flow rate, supply pressure, and exhaust pressure. These experimental data 
are used to calculate angular speed, electric power, and air power.
Figure 7.17 shows the experimental for the system with three bulbs. The 
supply pressure is adjusted manually to some operating points. Due the 
nominal voltage of the bulbs is 110V AC, the operating point is up to the 
pressure, under which the AC voltage output is in the safe range.
Figure 7.18 indicates the angular speed respond to the supply pressure for 
three-bulb load and the simulation result using the mathematical model. 
Figure 7.19 shows the air power and the electric power generated by the 
system at different operating points for three bulb load. It is seen that the
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leakage air power can be as high as 180W before the system turns in 
motion. Figure 7.20 gives the energy efficiency at the operating points. The 
experimental result shows the energy efficiency can be up to 55%, while 
the simulation result is higher than that.
Figure 7.24 and Figure 7.28 give energy efficiency at the operating points 
with the load of six bulbs and nine bulbs respectively. Comparing to Figure 
7.20, the supply pressure ranges are extended as the loads are heavier. The 
trend of the curve in Figure 7.24 is similar that in Figure 7.28. After the 
system overcomes the static friction, the efficiency goes up as the supply 
pressure increase until the supply pressure is above 4bar. The energy 
efficiency reaches the peak at the supply pressure of 4 bar. Then it 
decreases as the supply pressure increases.
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Figure 7.17 Experimental data (three-bulb load)
Figure 7.18 Supply pressure vs angular speed (three-bulb load)
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Figure 7.19 Supply pressure vs air power/electric power (three-bulb load)
Figure 7.20 Supply pressure vs energy efficiency (three-bulb load)
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Figure 7.21 Experimental data (six-bulb load)
Figure 7.22 Supply pressure vs speed (six-bulb load)
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Figure 7.23 Supply pressure vs air power/electric power (six-bulb load)
Figure 7.24 Supply pressure vs energy efficiency (six-bulb load)
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Figure 7.25 Experimental data (nine-bulb load)
Figure 7.26 Supply pressure vs speed (nine-bulb load)
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Figure 7.27 Supply pressure vs air power/electric power (nine-bulb load)
Figure 7.28 Supply pressure vs energy efficiency (nine-bulb load)
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7.10 Summary
The experimental data are compared with the simulation results. It is 
shown that the scroll air motor’s energy efficiency can be as high as 65%. 
The experimental data and the simulation results have the same trend and 
match each other. However, under same conditions, the angular speed and 
energy efficiency the simulation result are higher than those of the 
experimental result. This may be caused by imperfect assembling or other 
yet to be identified aspects.
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C h a p t e r 8
S u m m a r y  a n d  F u r t h e r  D i s c u s s i o n
8.1 Summary
A mathematical model o f a scroll type air motor is developed. It uses 
intrinsic equations to describe the scrolls. Green’s Theorem is used to 
calculate the cross section area and volume of the chambers. The model 
uses the first law of thermodynamics for open control volumes to calculate 
the instantaneous states o f compressed air as a function of the orbit angle. 
The geometrical model was given in generic format. It can be used to 
investigate the influence o f the parameters on the scroll air motor 
performance. Leakage models describing flank leakage and radial leakage 
were developed. Drive torque generated by compressed air was calculated 
as the product of the orbit radius and the force on the direction of moving 
scroll movement. With the output torque and the angular speed, the output 
power was calculated. This model can simulate the working processes and 
predict the instantaneous states o f the compressed air in each chamber. The 
mass flow rate and air pressure were used to calculate air power.
Based on the model, energy efficiency o f a scroll type air motor is analysed 
with the definition o f air power and available energy carried by the 
compressed air. A scroll type air motor is able to work at high energy
Chapter 8 Summary and Further Discussion
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efficiency due to its special geometric structure and working processes, in 
which both transmission and expansion air power are utilised.
In order to validate the model, the experiment rig was constructed. The 
scroll type compressor, SANDEN TRS090, was modified and used as a 
scroll type air motor. The AC servo motor was used as an AC generator to 
power light bulbs. The output power of the AC generator was calculated 
with the measured values of current and voltage. Based on the 
manufacturer provided performance chart, the output power of the scroll 
type air motor was calculated. Supply pressure, exhaust pressure, air flow 
rate, AC voltage, and current were measured with National Instruments 
data acquisition card and manipulated with Lab VIEW and MatLab.
The scroll type air motor described in this thesis is a comprehensive model 
for scroll type air motors and it is implemented in MatLab/Simulink 
simulation environment. The experimental results have compared with the 
simulation results and they agree to each other. It can be used to investigate 
the air motor’s performance under different operating conditions and 
subject to design changes.
Using the scroll type air motor, a parametric study of the scroll type air 
motor was conducted. The influence of radial and flank leakage on the air 
motor’s performance is investigated. Performance of the scroll air motor 
was also studied for scroll designs with geometrical variations. With the
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definition of air power, energy efficiency of a scroll type air motor was
investigated. The following conclusions can be drawn:
1) Leakage can have tremendous effects on the air motor’s performance. 
Due to leakage, the energy efficiency decreases. It was found that 
radial leakage decreases the energy efficiency far more than flank 
leakage because o f bigger cross section flow area and more leakage 
flow.
2) Air power consists of two parts, transmission power and expansion 
power. Expansion power takes more than 50% of air power with the 
pressure greater than 5 bar. In most applications of pneumatic 
cylinders, vane type air motor, and some other pneumatic drives, most 
expansion power o f compressed air is exhausted and wasted.
3) A scroll type air motor is able to work at high energy efficiency 
under proper conditions. A scroll type air motor has dedicated 
mechanism, expansion chamber, to utilise the expansion power carried 
by compressed air. The charge chamber works like a pneumatic 
cylinder to utilise transmission power. Then both transmission power 
and expansion power of compressed air can be utilised simultaneously.
4) High energy efficiency does not necessarily mean high output power. 
In order to increase the output power of a scroll air motor, the supply 
pressure and flow rate can be increased. However, due to geometrical
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structure of the scrolls and different types of expansion, the energy 
efficiency may be decreased as the supply pressure increases. 
Deficient and over expansion should try to be avoided in terms of 
energy efficiency.
5) Beside the geometrical parameters o f a scroll type air motor, the 
supply pressure also has a big influence on the energy efficiency of a 
scroll type air motor. Supply pressure ideally should be set to satisfy 
normal expansion.
Based on the summary, further discussion towards model improvement and 
further energy efficiency analysis will be given in the next section.
8.2 Further discussion and suggestions
From the parametric study, it was found that the scroll air motor’s 
performance is affected by the profile of the scrolls. The model can be used 
for future investigations to find an optimal geometry of the scrolls that 
maximises the energy efficiency and study the scroll’s performance under 
the influence of frictions and other factors.
A simple model o f frictions was used in the thesis. The parameters were 
tuned based on the references and experiences. It is too simple to predict 
the influence of frictions. A better model for the frictions needs to be 
developed.
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In order to use the mathematical model and the energy efficiency analysis 
result developed in this thesis to future investigation on characteristics of a 
scroll type air motor, to following modifications are suggested and need to 
be conducted:
1) To use the mathematical model developed in this thesis to simulate 
and predict other scroll type air motors with different geometrical 
structure, the profile of the scrolls needs to be modified. The 
corresponding modifications need to be made based on the new scroll 
type air motor.
2) Better measurement equipments need to be used. Pressure sensors 
need to be fit on the base of the fit scroll to measure instantaneous 
pressure inside the chambers. Thermo couples need to be fit on the 
scroll air motor to measure heat transfer and other thermo effects.
3) The mathematical model developed in this thesis can be used to 
develop control methods for scroll air motor systems.
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Appendix A
The screen shot of the NI LabView VI (Virtual Instrumentation) used for 
data acquisition is shown in Figure 8.1. The block diagram of the VI is 
shown in Figure 8.2.
182
Appendices
Figure 8.1 VI for data acquisition
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Appendix B
The experimental data recorded is given in the following tables. The 
measured pressures are gauge pressures. The measured AC voltage is 
expressed as RMS values.
Table 8.1 Experimental data (three-bulb load) - 1
Experimental Data (Three-bulb Load) - 1
Time
(s)
Supply
Pressure
(bar)
Exhaust
Pressure
(bar)
Volumetric 
Flow rate 
(L/min)
AC
Voltage
AC Current 
(A)
0 0.031252 -0.003908 0 0 0 .045764
0.5 0 .031054 -0 .003914 0 0 0.046045
1 0.030325 -0.00392 0 0 0.045829
1.5 0 .029467 -0 .003885 0 0 0.045845
2 0.02888 -0.003942 0 0 0.045412
2.5 0.028408 -0 .004006 0 0 0 .046008
3 0.006078 -0.00506 0 0 0.042835
3.5 -0 .00659 -0.005692 0 0 0.041581
4 -0.006657 -0 .005621 0 0 0 .042116
4.5 -0 .006767 -0.005583 0 0 0.042115
5 -0.006781 -0 .005566 0 0 0.04259
5.5 -0.006753 -0 .005598 0 0 0.0419
6 -0.00605 -0 .005534 0 0 0 .042336
6.5 0.009817 -0.004855 0 0 0.04449
7 0.03369 -0.00367 0 0 0.046567
7.5 0 .07125 -0.002285 0 0 0.049862
8 0 .098944 -0.001155 0 0 0.054327
8.5 0.135696 7.41E-05 0 0 0.056991
9 0 .215984 0.002765 0 0 0.063157
9.5 0 .345704 0.007081 0 0 0.070505
10 0.438745 0.010522 0 0 0.075179
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10.5 0.503026 0 .012698 0 0 0.078405
11 0.5846 0.015559 0 0 0.08231
11.5 0.692922 0.019203 0 0 0.088285
12 0.882524 0.018149 0 0 0.169437
12.5 1.453613 0 .001226 264.33482 14.25755 0.623151
13 1.371186 0.004082 398.61753 22.09227 0 .427526
13.5 1.345815 0.004533 505.35589 26 .04227 0.383673
14 1.329485 0 .005376 524.79723 26.90106 0.372649
14.5 1.328201 0 .004726 546.28088 27.52373 0.373822
15 1.320774 0.005367 539.25691 27.69697 0.375935
15.5 1.324447 0.004732 554.00368 27.69075 0.373823
16 1.312885 0.005323 545 .83994 28.2341 0.378651
16.5 1.31571 0.005373 563.55142 28.05396 0 .380464
17 1.314246 0 .004654 564.74686 28.58361 0 .379994
17.5 1.306982 0 .005428 554.56551 28.6142 0 .380934
18 1.307656 0.005335 573.32839 28.774 0.382381
18.5 1.30976 0.004967 573 .58714 28 .92516 0 .383864
19 1.303227 0.004786 563.84233 29.07051 0.385971
19.5 1.301157 0.005165 569.87075 29.10535 0 .38796
20 1.301945 0 .005158 583.37545 29.09806 0.382611
20.5 1.32459 0.00534 584.82641 29.81604 0.391456
21 1.493272 0.008429 639.77775 37.4262 0.457643
21.5 1.506281 0.01062 802 .52336 42 .16055 0.483305
22 1.500332 0.010621 835.32873 43.25262 0.484606
22.5 1.498469 0.010771 839.65721 43.34709 0.484805
23 1.497862 0.010735 834 .52847 43.37992 0.484497
23.5 1.497237 0 .010661 834.13902 43 .40981 0.48499
24 1.496777 0.010753 836.71247 43 .44469 0.486033
24.5 1.495089 0.010793 843 .31234 43 .46951 0.485726
25 1.493996 0.010729 846 .05614 43 .53465 0.484922
25.5 1.493498 0.010753 846.58619 43 .64525 0.485258
26 1.492427 0.010963 846.89035 43 .79374 0.486686
26.5 1.520393 0.011008 848.15473 44 .15185 0.492641
27 1.70967 0.017169 918.80659 54.25613 0.560455
27.5 1.691395 0.019389 1109.8333 58.51933 0.580931
28 1.68781 0.019173 1132.9415 59 .19764 0.58006
28.5 1.68586 0.01951 1131.1751 59.12478 0.580937
29 1.683357 0 .019346 1138.1342 59 .30474 0.581963
29.5 1.682509 0 .019544 1137.493 59 .5994 0.583874
30 1.679287 0.019262 1143.7342 59.69891 0.584768
186
Appendices
30.5 1.678996 0 .019389 1140.5987 59 .82441 0 .584632
31 1.677027 0 .019162 1148.4997 59 .88577 0 .586041
31.5 1.675373 0.019745 1146.8297 59 .88809 0 .584821
32 1.732585 0.020543 1156.6062 61.57518 0 .598416
32.5 1.872235 0 .029081 1292.3539 72 .84934 0 .661127
33 1.844939 0 .029777 1422.6307 74 .86851 0 .668656
33.5 1.840998 0 .02957 1430.9842 75.4587 0 .670631
34 1.837845 0 .029304 1433.3555 75 .56487 0 .670955
34.5 1.835452 0 .029564 1439.3303 75.60041 0 .670971
35 1.834042 0 .029687 1441.8632 75.72985 0 .672279
35.5 1.831128 0 .029388 1446.0631 75 .81434 0 .673121
36 1.828913 0 .029474 1443.6552 76 .15224 0 .673965
36.5 1.826927 0 .029377 1449.6554 76.61835 0.675551
37 1.825261 0 .029446 1453.6728 76.50261 0 .674318
37.5 1.821655 0 .029869 1456.221 76.74703 0 .680904
38 1.819005 0 .029427 1463.374 77.11407 0 .677054
38.5 1.811714 0 .029646 1471.0409 77.40051 0.68069
39 1.806075 0 .029674 1480.3601 78 .19996 0 .68121
39.5 1.801883 0 .030083 1485.9141 78 .12936 0.684419
40 1.802448 0 .029858 1492.1698 78.61748 0.686749
40.5 1.802119 0.03001 1490.2003 78.43081 0.685195
41 1.800728 0 .029436 1492.8364 78.26422 0.685712
41.5 1.800506 0 .029401 1490.089 78 .5545 0.687732
42 1.798355 0 .029559 1493.3024 78 .63476 0 .684212
42.5 1.799369 0 .029234 1494.6174 78.26059 0 .681527
43 1.797606 0 .029438 1487.812 78 .31078 0.686883
43.5 1.797608 0 .029358 1493.6854 78 .60957 0 .68604
44 1.797336 0 .029573 1488.3833 78 .24474 0 .683208
44.5 1.798214 0.02932 1490.0618 78 .15814 0 .686424
45 1.794998 0.028885 1484.3574 78.21302 0.680773
45.5 1.666306 0 .02419 1470.8854 72 .48306 0 .649846
46 1.664555 0 .021081 1291.3424 66 .77006 0 .625895
46.5 1.664219 0 .020931 1273.3869 66.67118 0.620963
47 1.66548 0 .021134 1271.9252 66.76046 0 .624786
47.5 1.665557 0 .020844 1274.4706 66.49473 0 .621317
48 1.662428 0 .021098 1269.0706 66.7869 0 .624421
48.5 1.664557 0 .021028 1272.7445 66.40006 0.624053
49 1.661833 0.020883 1271.0617 66.45479 0 .61998
49.5 1.663328 0.021061 1267.7373 66.65962 0 .622302
50 1.533918 0 .016974 1267.3006 60.81833 0 .583985
187
Appendices
50.5 1.533153 0.014411 1067.3104 55.3842 0 .559214
51 1.537486 0 .014541 1052.2519 54 .77179 0 .556064
51.5 1.538343 0 .014536 1055.0801 54 .72612 0.553892
52 1.538449 0.014331 1052.216 54 .74212 0.557429
52.5 1.536991 0.014211 1053.3344 54 .74713 0.555252
53 1.535849 0 .014676 1047.6228 54 .75505 0 .558256
53.5 1.536707 0.014679 1050.8348 54 .84178 0 .553474
54 1.538241 0.014549 1056.5017 54 .74945 0 .55844
54.5 1.53848 0.014198 1051.8391 54 .67639 0.553748
55 1.535645 0.014612 1045.7981 54 .68765 0.558366
55.5 1.538025 0 .014556 1048.532 54 .63255 0.55271
56 1.45983 0 .012904 1052.3769 52 .45965 0.537682
56.5 1.376105 0.008992 899.09939 4 3 .70344 0.481727
57 1.385131 0.008791 814.88329 41 .87006 0.476528
57.5 1.387519 0.00866 814.71301 41 .72679 0.471781
58 1.38922 0.008535 809.86446 41.602 0.473786
58.5 1.386097 0.008422 798.69065 41 .39005 0.472755
59 1.337637 0.00806 803.13404 39 .89184 0 .460154
59.5 1.245536 0.005343 725.45777 34 .86948 0.419691
60 1.108099 0.003477 576.11279 27.00393 0.354277
60.5 0.914885 0.000868 430.74507 17.27676 0.265248
61 0.670868 -0.001329 216.10628 6 .913815 0.133721
61.5 0.391938 -0.002192 0 0 0.047954
62 0.074236 -0.004355 0 0 0.045741
62.5 0.00152 -0.005457 0 0 0.041925
Table 8.2 Experimental data (three-bulb load) - 2
Experimental Data (Three-bulb Load) - 2
Time
(s)
Supply
Pressure
(bar)
Exhaust
Pressure
(bar)
Volumetric 
Flow rate 
(L/min)
AC Voltage
AC
Current
(A)
0 0.149543 -0.00129 0 0 0.028165
0.5 0.41267 0.001851 0 0 0.031438
1 0.84359 -4.56E-05 0 2.342123 0.247105
188
Appendices
1.5 1.067076 -0.00113 170.9308 6.538239 0 .387304
2 1.098483 -0 .00059 215.9128 10.17513 0.368783
2.5 1.079772 -0.00049 254.7909 11.50516 0.302777
3 1.067595 -0.00033 274.264 12.7416 0.277799
3.5 1.06213 -0 .00021 268.1308 13.3529 0 .257664
4 1.046789 -4.05E-05 275.885 13.71986 0.260222
4.5 1.04983 -0 .00014 294.0565 13.58243 0 .253294
5 1.044874 1.68E-05 280.2283 13.93415 0.25875
5.5 1.040535 -0.00022 296.4202 13.87689 0.249105
6 1.043693 -0.0002 297 .6354 13.87492 0.255149
6.5 1.032084 1.07E-05 281 .8626 14.01971 0 .25726
7 1.073232 - 0.00011 301.3698 14.5449 0 .263774
7.5 1.216625 0.001413 350.7737 19.31147 0.32472
8 1.369272 0 .003269 478 .1887 26.35698 0 .380396
8.5 1.462788 0 .005154 601.5054 32 .79756 0 .425668
9 1.4814 0 .006538 690.6558 35.79523 0 .439654
9.5 1.476764 0 .006491 709.338 36.78602 0.442087
10 1.47527 0 .006437 721.5082 36.87777 0.441255
10.5 1.473305 0 .006542 723.4139 37.00812 0 .443266
11 1.471777 0 .006503 729.1957 37.06597 0.442923
11.5 1.471541 0.00647 722.0778 37 .05714 0.442347
12 1.470137 0 .006425 721.6052 37.17253 0 .442814
12.5 1.469349 0 .006509 721.0659 37.15452 0.442303
13 1.467221 0 .006455 720.8922 37.25909 0 .443916
13.5 1.466539 0.00641 723.4183 37.2781 0.444585
14 1.46597 0 .006454 720.86 37.16913 0 .44421
14.5 1.464665 0.00649 724.973 37.16892 0 .444271
15 1.582305 0.00843 725.2113 41 .65466 0 .480169
15.5 1.741021 0 .012535 869 .4414 50.23789 0 .537887
16 1.844297 0 .01689 1069.794 58.41157 0.579427
16.5 1.901196 0 .021032 1219.224 64 .91654 0.615191
17 1.894914 0 .021183 1246.016 65.10641 0 .615544
17.5 1.894487 0.0211 1249.184 65 .72874 0.617663
18 1.88938 0.02117 1251.947 65.91563 0.618368
18.5 1.887122 0.021333 1263.028 66.06527 0.620129
19 1.882864 0 .021144 1262.167 66.17442 0.620021
19.5 1.880621 0 .021342 1267.286 66.79042 0.62183
20 1.876426 0 .021557 1276.109 66.72032 0 .624786
20.5 1.946275 0.023483 1274.505 69.17422 0.639085
21 2.055406 0 .029984 1411.77 77.29211 0 .682314
189
Appendices
21.5 2.165003 0 .037688 1550.334 85 .74166 0 .723126
22 2.222883 0.044913 1716.867 93.52575 0 .758879
22.5 2.202778 0.045972 1798.311 95.051 0 .764611
23 2.196027 0.045969 1807.813 95 .62081 0 .766724
23.5 2.193599 0.04602 1814.251 95 .58051 0 .769072
24 2.189776 0 .045928 1815.012 95 .88711 0 .766892
24.5 2.187866 0 .045837 1816.747 96 .00746 0 .770189
25 2.18583 0.045501 1815.978 96.45333 0 .770721
25.5 2.183164 0.045267 1823.007 96 .50146 0 .769987
26 2.180016 0.045225 1827.056 96 .7082 0 .77284
26.5 2.171382 0.045717 1838.355 97.14293 0.775252
Tl 2.211333 0.047597 1846.642 99 .32458 0 .78453
27.5 2.289804 0.054379 1941.608 104.8429 0 .81069
28 2.360653 0 .062276 2066.961 111.768 0 .841866
28.5 2.367372 0.066522 2175.647 115.7746 0 .856985
29 2.35971 0.066238 2192.554 115.9057 0 .857928
29.5 2.357827 0 .066205 2199.956 116.2226 0.857862
30 2.362285 0.06611 2192.444 115.8622 0 .857339
30.5 2.363218 0 .065756 2185.734 115.7184 0 .856909
31 2.362194 0.065547 2187.632 115.6719 0 .85692
31.5 2.359158 0 .065384 2191.362 115.8365 0 .857277
32 2.360516 0 .065417 2186.704 115.5609 0.857113
32.5 2.360592 0.065232 2184.215 115.6402 0 .856696
33 2.360834 0.064809 2185.945 115.6998 0 .856217
33.5 2.3603 0 .064947 2180.645 115.5011 0 .85411
34 2.35764 0 .064416 2182.665 115.1851 0 .854235
34.5 2.359404 0.064565 2175.911 115.5393 0 .856279
35 2.35875 0 .064636 2178.081 115.2364 0.852529
35.5 2.360004 0.064165 2174.881 115.1915 0.855072
36 2.272255 0 .058616 2169.775 111.4248 0 .835471
36.5 2.170883 0.048909 2015.72 102.7308 0 .795816
37 2.108085 0 .042136 1853.727 95 .27764 0 .764271
37.5 2.026272 0.035737 1734.339 88.40058 0 .729395
38 1.938014 0.029648 1608.139 80 .64704 0 .69299
38.5 1.853297 0.024391 1466.469 72 .73554 0.652243
39 1.761143 0.019208 1321.207 64.56559 0.608325
39.5 1.650873 0 .015129 1175.941 56 .73924 0 .56105
40 1.59054 0.011622 982.8463 49 .60517 0 .520814
40.5 1.481172 0 .008244 874 .3487 41.80373 0 .467247
41 1.36915 0.006282 770.3466 35.51758 0 .423946
190
Appendices
41.5 1.307925 0 .004448 620.4317 29.88112 0.381795
42 1.179145 0.002408 523.0834 23.30845 0 .328166
42.5 1.091108 0.001403 431.3225 19.02152 0.286895
43 1.029492 0.000671 327.6716 14.87663 0.254088
43.5 0.915738 -0.00021 263.259 10.99775 0.200319
44 0.787084 -0.00037 183.1252 6 .925208 0 .14961
44.5 0.556836 0.004569 130.9323 2 .637719 0.079829
45 0.3416 0 .005171 0 0 0.028761
45.5 0.174859 0.001702 0 0 0.028498
46 0.041027 -0.00184 0 0 0 .028206
46.5 -0.00279 -0.00323 0 0 0.028436
47 -0.0072 -0 .00347 0 0 0 .028134
Table 8.3 Experimental data (six-bulb load) - 1
Experimental Data (Six-bulb Load) - 1
Time
(s)
Supply
Pressure
(bar)
Exhaust
Pressure
(bar)
Volumetric 
Flow rate 
(L/min)
AC Voltage
AC
Current
(A)
0 0.033268 -0.0051 0 0 0.043816
0.5 0.111077 -0.00385 0 0 0.047655
1 0.186316 -0.00263 0 0 0.050785
1.5 0.268829 -0.0015 0 0 0.053727
2 0.362184 -0.00016 0 0 0.056912
2.5 0.415314 0.000702 0 0 0.058294
3 0.515715 0.001992 0 0 0.062188
3.5 0.622248 0.002972 0 0 0.083001
4 0.708617 0.004629 0 0 0.205685
4.5 0 .56826 0.010262 0 0 0.074908
5 0.554635 0.010312 0 0 0 .075034
5.5 0.548463 0.010338 0 0 0.075652
6 0.545741 0.010488 0 0 0.075914
6.5 0.593426 0.011888 0 0 0.0786
7 0.590997 0 .012244 0 0 0 .078534
7.5 0.586992 0.012199 0 0 0.078811
191
Appendices
8 0.646215 0.013792 0 0 0 .081656
8.5 0.655704 0.014183 0 0 0.081745
9 0.652188 0.014192 0 0 0 .081364
9.5 0.760195 0.017122 0 0 0 .088338
10 0.764854 0.017925 0 0 0.0868
10.5 0.75589 0.0178 0 0 0.086257
11 0.751363 0.01776 0 0 0.086495
11.5 0.748174 0 .017852 0 0 0.086152
12 0.807113 0 .019419 0 0 0 .089524
12.5 0.854376 0.019172 0 0 0.083023
13 1.353753 0 .000848 136.6229 4 .587734 0.713137
13.5 1.412651 -0.00013 176.9548 7 .823077 0 .762264
14 1.402253 0 .000176 256.6554 11.45076 0.708509
14.5 1.370952 0.001345 289.386 14.37478 0.623599
15 1.364758 0.00138 345.0177 15.92766 0 .602387
15.5 1.353667 0.001562 365.0014 16.89967 0.581486
16 1.348112 0.001627 373.8431 17.25922 0.573113
16.5 1.346699 0 .001557 378.6574 17.70287 0.576718
17 1.346397 0 .001581 382.2691 17.49063 0.576143
17.5 1.346154 0 .001675 384.2635 17.98993 0.581512
18 1.345705 0 .001688 385.274 17.6326 0.578267
18.5 1.346137 0.001509 370.9997 18.11467 0.585449
19 1.341264 0.001941 373.2484 18.12726 0 .581644
19.5 1.336148 0 .001964 373.1682 17.87752 0 .580796
20 1.339269 0.001585 390.1231 18.0789 0.583269
20.5 1.340229 0 .001618 392.227 18.31362 0.591278
21 1.341884 0.001675 392.1323 18.33792 0.583581
21.5 1.33824 0 .001937 377.4336 18.23806 0 .583084
22 1.330896 0.002013 378.8028 18.20083 0.586052
22.5 1.336225 0 .001562 393.6808 18.2011 0.583651
23 1.337871 0 .001611 394.3579 18.34762 0.594227
23.5 1.339285 0.001702 380.4522 18.39544 0.587036
24 1.330405 0 .002168 378.7197 18.37352 0.59222
24.5 1.332651 0.001489 394.3359 18.40079 0.584753
25 1.52557 0.003578 409.8438 23.08723 0.697388
25.5 1.572007 0.005285 556.5674 27 .40334 0.752473
26 1.561963 0 .005681 567.1541 28.19229 0 .757644
26.5 1.560246 0.005772 572.2947 28.1744 0.757113
27 1.561236 0.0057 573.5914 28.20402 0.746893
27.5 1.561312 0.005922 582.3799 28.5081 0.756662
192
Appendices
28 1.562525 0 .005747 584.074 28.41855 0.760131
28.5 1.561179 0 .005563 574.5665 28.21186 0.7482
29 1.557284 0 .005822 576.1277 28.55608 0.755183
29.5 1.558139 0 .005824 574.2489 28.41922 0 .761416
30 1.558771 0 .005799 585.0669 28.20929 0.748463
30.5 1.558615 0 .00601 584.2722 28.61478 0.757953
31 1.558674 0 .005843 586.6602 28.42629 0.761459
31.5 1.728494 0 .008192 591.3808 32.77831 0 .840507
32 1.785139 0 .011306 758.7685 38.7566 0.914619
32.5 1.776514 0 .011173 791.3049 39.11368 0.909069
33 1.776814 0 .011474 784.4375 39.53425 0 .911578
33.5 1.776414 0 .011162 795.089 39.42724 0 .91567
34 1.773385 0 .011271 786.3783 39.24037 0 .908848
34.5 1.775398 0 .011439 793.4607 39.71526 0 .917075
35 1.771407 0 .011298 789.4277 39.32421 0 .916504
35.5 1.773093 0.011392 788.6575 39.60779 0.910822
36 1.77177 0 .011218 798.237 39.5629 0.918249
36.5 1.769456 0 .011278 790.4061 39.42783 0.908482
37 1.771292 0 .011364 796.7097 39.7489 0 .923082
37.5 1.768006 0 .011311 791.0066 39.37159 0 .911207
38 1.768509 0 .011312 790.5815 39.86845 0.91891
38.5 1.804012 0 .011707 800.4689 40 .18084 0.925655
39 2.007271 0 .017637 865.3742 48.74394 1.057206
39.5 1.994072 0 .019351 1029.101 51.92393 1.071071
40 1.991897 0 .019275 1031.229 52.40807 1.08156
40.5 1.990129 0 .019797 1039.987 52.46405 1.077187
41 1.985977 0 .019711 1039.334 52.34676 1.081174
41.5 1.985629 0 .019427 1038.222 52.69943 1.083526
42 1.982725 0 .019865 1047.117 52.86451 1.087554
42.5 1.98115 0 .01944 1049.505 52.84266 1.081295
43 1.98038 0 .019349 1041.689 52.7409 1.081825
43.5 1.979368 0 .019515 1048.372 52.77184 1.083283
44 1.979753 0 .019716 1052.063 52.88415 1.08495
44.5 1.981678 0 .019725 1045.881 52.85807 1.086159
45 2.160796 0 .025577 1059.928 59.46518 1.17311
45.5 2.15729 0 .028301 1247.942 63.45335 1.210117
46 2.153933 0.028189 1255.162 63.81485 1.212135
46.5 2.153115 0 .028731 1258.65 63.93955 1.213358
47 2.149509 0 .028048 1259.931 64.0633 1.213028
47.5 2.148301 0 .028804 1265.91 64.24083 1.214383
193
Appendices
48 2.145595 0.028583 1262.975 64.39685 1.217268
48.5 2.146703 0 .028569 1267.407 64 .39734 1.221208
49 2.144482 0 .028588 1268.034 64.33592 1.21885
49.5 2.143195 0 .028771 1269.844 64.93601 1.221176
50 2.139499 0 .02881 1279.718 64.66029 1.222005
50.5 2 .13634 0 .028751 1277.082 65 .22986 1.229634
51 2.134948 0 .028934 1283.438 65.26351 1.224044
51.5 2.128798 0 .029201 1288.429 65.386 1.228625
52 2.125399 0 .029434 1291.828 65 .9004 1.236533
52.5 2.125255 0.029132 1291.424 65.76889 1.235317
53 2.121322 0 .028952 1297.194 66 .04296 1.230327
53.5 2.121859 0 .029188 1297.741 66 .09724 1.237458
54 2.122107 0 .029018 1300.082 65 .85144 1.237048
54.5 2.100294 0 .028199 1293.57 65.13023 1.221303
55 2.008269 0.024553 1268.894 61 .34514 1.179853
55.5 1.869716 0 .018995 1148.255 54.32042 1.089813
56 1.698064 0 .013074 981.5583 44.8726 0 .966676
56.5 1.523045 0 .007764 786.7997 34.93225 0 .833138
57 1.369173 0 .003951 599.0056 26.69382 0 .699216
57.5 1.190386 0.001883 446.352 19.87044 0 .576711
58 0.970012 -0.00087 280.2033 11.27864 0.39559
58.5 0.70693 -0.00213 158.0671 5 .336604 0 .225194
59 0.572579 -0.00389 0 0 0 .060154
59.5 0.12109 -0.00343 0 0 0 .04848
60 0.009156 -0 .00536 0 0 0 .042864
60.5 -0 .00435 -0.0056 0 0 0.042751
61 -0.00541 -0.00558 0 0 0.04207
Table 8.4 Experimental data (six-bulb load) - 2
Experimental Data (Six-bulb Load) - 2
Time
(s)
Supply
Pressure
(bar)
Exhaust
Pressure
(bar)
Volumetric 
Flow rate 
(L/min)
AC Voltage
AC
Current
(A)
194
Appendices
0 0.151163 -0.00181 0 0 0 .028716
0.5 0.445949 0 .001098 0 0 0 .029458
1 0.856289 -0 .00028 0 0 0 .385187
1.5 1.135683 -0.00187 119.4014 3.408559 0 .608333
2 1.282366 -0 .00144 140.1514 5 .464418 0 .671343
2.5 1.416764 -0.00042 211.4604 9.554223 0 .73407
3 1.539996 0 .000874 299.4645 15.63434 0 .763361
3.5 1.571489 0 .002344 411.6932 20.97448 0 .722571
4 1.551575 0 .002887 462.3979 23 .15186 0 .699576
4.5 1.543516 0 .003078 485.5971 23.873 0 .699523
5 1.539284 0 .003028 503.5295 24.5569 0 .698779
5.5 1.534729 0 .003146 514.4922 24.71417 0 .700529
6 1.533397 0 .003088 518.6528 24.84287 0 .701078
6.5 1.620137 0 .003938 510.7005 26.7985 0 .737961
7 1.741331 0 .006068 616.9532 32.25163 0 .835425
7.5 1.739359 0 .006909 680.6705 34.1517 0 .845774
8 1.736741 0 .006756 694.4974 34.58373 0 .843184
8.5 1.733015 0 .007005 704.9597 34.96761 0 .854766
9 1.730535 0 .007134 701.495 34.65531 0.84835
9.5 1.727119 0 .007172 707.5322 35.35375 0 .858623
10 1.72417 0 .007135 707.5246 35.2713 0 .851572
10.5 1.721873 0 .007203 708.0086 35.21163 0 .855831
11 1.71955 0.007245 708.9183 35 .40977 0 .860187
11.5 1.717638 0 .007344 711.3151 35.61386 0 .861525
12 1.750211 0 .007529 713.7284 35.90531 0 .866004
12.5 1.995506 0 .012766 796.497 45 .1478 1.010089
13 2.099329 0.017185 956.8466 51.33942 1.076627
13.5 2.141881 0 .020374 1097.933 56.02275 1.122268
14 2.138203 0.020499 1105.925 56 .1691 1.121669
14.5 2.135098 0.0211 1112.172 56.24672 1.123586
15 2.132599 0 .020786 1117.709 56 .39106 1.122336
15.5 2.130609 0 .020886 1116.857 56 .73106 1.124605
16 2.128706 0 .021321 1119.9 56.79595 1.130607
16.5 2.126528 0 .021045 1122.255 56.60673 1.126572
17 2.125003 0 .021017 1122.318 57.18227 1.131536
17.5 2.122876 0 .021341 1126.232 56 .79367 1.129525
18 2.123645 0.020743 1125.153 57 .32098 1.135059
18.5 2.261691 0 .024855 1126.844 60.97446 1.185457
19 2.415407 0 .033057 1309.169 69.352 1.273713
19.5 2.48627 0 .041624 1477.424 76.29863 1.344029
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20 2.476968 0.04058 1502.206 77 .06581 1.344997
20.5 2.470954 0 .041016 1513.998 77 .44336 1.354833
21 2.470594 0 .04057 1513.769 77.3055 1.345897
21.5 2.469703 0 .039854 1515.028 77.52631 1.355086
22 2.464709 0.040962 1521.113 77.87882 1.35422
22.5 2.465641 0.040632 1517.923 77.46995 1.34942
23 2.463508 0 .039908 1519.316 77.76078 1.356049
23.5 2.460843 0 .040398 1527.592 78.01517 1.358078
24 2.56052 0.04404 1529.435 81 .02398 1.39017
24.5 2.671 0 .053691 1683.764 87 .886 1.459284
25 2.758252 0.062047 1803.741 93 .9433 1.511859
25.5 2.828993 0.070307 1897.529 99.68732 1.563763
26 2.812265 0 .069941 1949.038 100.303 1.569444
26.5 2.806275 0.070013 1958.287 100.3805 1.568721
27 2.800469 0 .069406 1958.549 101.2216 1.575831
27.5 2.792982 0.068673 1972.335 101.4294 1.577282
28 2.787095 0 .069737 1982.309 101.8064 1.582373
28.5 2.78493 0 .06891 1976.569 101.9437 1.58538
29 2.78326 0.069192 1990.201 101.8282 1.582634
29.5 2.782582 0.068338 1985.973 101.8896 1.580871
30 2.782732 0.067869 1979.273 102.192 1.58337
30.5 2.77707 0.068235 1991.779 102.2566 1.588046
31 2.774626 0.067839 1986.285 102.013 1.583519
31.5 2.787081 0 .068478 1989.606 102.2958 1.5845
32 2.878106 0 .076186 2016.897 106.7652 1.63008
32.5 2.937477 0 .082448 2095.855 109.9105 1.655443
33 2.929197 0 .083428 2173.192 111.7138 1.665984
33.5 2.927207 0 .083366 2174.575 111.5945 1.670118
34 2.924794 0.083072 2170.807 111.5809 1.664626
34.5 2.926926 0.083021 2174.1 111.5949 1.66714
35 2.928421 0.082852 2168.459 111.216 1.665306
35.5 2.922898 0.082775 2165.145 111.1984 1.665043
36 2.918686 0.082851 2164.873 111.3739 1.663182
36.5 2.925885 0.082068 2166.503 111.086 1.662405
37 2.983968 0.086658 2161.38 113.2826 1.684819
37.5 3.035385 0 .092226 2245.997 115.593 1.707783
38 3.052139 0.096415 2307.673 117.5229 1.728933
38.5 3.050472 0.095747 2319 .844 117.6705 1.729995
39 3.046982 0.096295 2315.919 117.6054 1.731634
39.5 3.046501 0.096102 2307.606 117.4768 1.730826
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40 3.039693 0 .096038 2319.116 117.4631 1.72961
40.5 3.042594 0 .09704 2325.476 117.638 1.728609
41 3.047288 0 .097004 2304.921 117.5163 1.728203
41.5 3.043705 0.096901 2314.043 117.5489 1.730379
42 3.044554 0 .095726 2314.134 117.4856 1.729519
42.5 3.043615 0.095601 2315.148 117.3472 1.728058
43 3.039432 0.095255 2307.485 117.4764 1.730735
43.5 3.044035 0.094782 2305.994 117.205 1.722839
44 3.04659 0.094919 2306.825 116.9016 1.722066
44.5 3.046256 0.095451 2306.909 117.148 1.725867
45 3.031176 0.094301 2297.913 116.6276 1.715247
45.5 2.967739 0.088102 2259.978 114.8532 1.694785
46 2.890908 0.079436 2181.832 109.583 1.648493
46.5 2.800918 0.070309 2084.905 104.1008 1.595969
47 2.700557 0.060652 1983.925 97.79406 1.545273
47.5 2.573223 0 .050646 1866.958 90.76817 1.475374
48 2.442469 0.041328 1710.296 82.79095 1.395718
48.5 2.306961 0.032278 1537.086 73.61994 1.303806
49 2.173707 0 .025534 1366.654 65.7361 1.218192
49.5 2.018481 0.018209 1183.801 56.03523 1.103694
50 1.85441 0.012738 999.7389 46.28003 0.984633
50.5 1.69484 0.008186 826.7096 37.66182 0.867105
51 1.545244 0.005451 666.8964 30.31252 0 .764804
51.5 1.347352 0 .002444 533.409 22.39875 0.620339
52 1.106837 0 .000594 363.8878 14.68229 0.463181
52.5 0.888974 -0.00052 245.6944 8.258012 0.314677
53 0.628053 -0.00017 94.79076 2.806947 0.150599
53.5 0.315052 0.000502 0 0 0 .02737
54 0.107726 -0.0018 0 0 0 .027846
54.5 0.013053 -0.00302 0 0 0 .027844
55 -0.00167 -0 .00324 0 0 0.027852
55.5 -0 .00604 -0.0033 0 0 0.027907
56 -0.00686 -0.00326 0 0 0.027948
56.5 -0.00725 -0.00326 0 0 0.027848
57 -0.0074 -0 .00326 0 0 0 .02794
57.5 -0 .00746 -0.0033 0 0 0.027621
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Table 8.5 Experimental data (nine-bulb load) - 1
Experimental Data (Nine-bulb Load) - 1
Time
(s)
Supply
Pressure
(bar)
Exhaust
Pressure
(bar)
Volumetric 
Flow rate 
(L/min)
AC Voltage
AC
Current
(A)
0 0.005188 -0 .0054 0 0 0 .043574
0.5 0.095004 -0.00392 0 0 0 .048105
1 0.1797 -0 .00242 0 0 0.04958
1.5 0.356894 0 .000377 0 0 0 .056779
2 0.506923 0 .002717 0 0 0 .061978
2.5 0.519587 0.003012 0 0 0 .064029
3 0.608937 0 .004289 0 0 0 .076277
3.5 0.884783 0 .000796 0 0 0 .320197
4 0.930257 -0.0003 0 0 0 .26896
4.5 1.033023 -0.00318 0 0 0 .573836
5 1.022305 -0.00231 0 0 0 .264084
5.5 0.942705 -0.0013 0 0 0 .439059
6 1.05446 -0.00311 0 0 0 .435232
6.5 0.915414 -0.00091 0 0 0 .417494
7 1.047966 -0.00295 0 1.638836 0.422645
7.5 0.906877 -0.00081 0 0 0 .396038
8 1.031244 -0.00249 0 1.827338 0 .417444
8.5 0.931274 -0.00136 0 1.788401 0 .413955
9 0.975587 -0.00119 0 1.559241 0 .377815
9.5 0.982711 -0.00252 0 2.180144 0 .468172
10 0.905546 -0.00013 0 0 0 .302489
10.5 1.051253 -0 .00364 98 .83056 2.606353 0 .461867
11 0.888637 -0.00045 0 1.545244 0 .331797
11.5 1.010829 -0 .00146 0 2.581815 0.414303
12 1.012966 -0 .0027 0 2.955947 0 .46021
12.5 0.928512 -0.00078 0 1.848836 0 .344254
13 0.989376 -0.00087 80.25327 2.855781 0 .412122
13.5 1.056922 -0.00301 120.018 3.333644 0 .441596
14 0.988733 -0.00145 101.2343 3.394661 0 .440139
14.5 1.001466 - 0.0011 82.5536 3.232126 0 .407268
15 1.011528 -0 .00114 98.96945 3.36782 0.438952
198
Appendices
15.5 1.012365 -0.00101 100.3624 3.771229 0 .418098
16 1.095552 -0.00141 139.0112 4.347723 0 .475267
16.5 1.278793 -0.0012 194.5311 7 .11216 0 .665628
17 1.230722 4.97E-05 166.028 7.201364 0.617193
17.5 1.27119 -0.0008 216.8366 8 .051936 0 .636578
18 1.233815 -0.00041 200.1233 8.235826 0.627285
18.5 1.231483 7.29E-05 186.2624 8.523651 0.596342
19 1.247808 -1.21E-05 232.7557 8.824285 0.621249
19.5 1.253052 -0 .00094 207.9947 8.896399 0.60761
20 1.228987 -0.00022 209.7272 8.753628 0.602039
20.5 1.229742 0 .000155 195.9062 8.848007 0 .588096
21 1.232767 0 .000151 219.2872 9.102091 0.606399
21.5 1.251042 -0.0003 238.7797 9.348263 0.611851
22 1.24018 -0.00085 212.5165 9 .144224 0 .613586
22.5 1.226451 -0.00023 197.4654 8.863415 0 .598792
23 1.227323 -2.47E-06 198.4144 8.947354 0 .584716
23.5 1.228853 0 .000126 221.8996 9 .242324 0.604609
24 1.244367 -0.00012 240.4123 9.377297 0.619369
24.5 1.243126 -0.00086 212.9768 9.104102 0.603031
25 1.225332 -0 .00016 213.3012 9.022593 0 .597011
25.5 1.225262 -3.72E-05 199.0047 9.096487 0.588252
26 1.225393 -1.18E-06 222.4779 9.253456 0 .611724
26.5 1.23511 9.99E-05 240.4879 9.143777 0.616023
27 1.249849 -0.00071 240.7818 9 .272186 0.595275
27.5 1.436648 0 .001159 237.513 12.42041 0.765442
28 1.515395 0 .002389 348.3721 15.03292 0.849608
28.5 1.510168 0 .002316 364.2536 15.96498 0.83688
29 1.505792 0 .002474 351.22 16.16893 0.830997
29.5 1.503354 0 .002482 354.6098 16.27186 0.829117
30 1.502834 0.002519 355.5823 16.29532 0 .828016
30.5 1.50206 0.002533 375.7488 16.32458 0.825809
31 1.501939 0 .002404 376.1141 16.36573 0.82532
31.5 1.501457 0.002475 376.7615 16.42941 0.825271
32 1.501542 0 .002461 376.1221 16.47974 0 .826984
32.5 1.501487 0 .002457 376.6305 16.51386 0.829512
33 1.501439 0 .002414 376.5508 16.47764 0 .832721
33.5 1.50099 0 .002515 376.9303 16.41186 0.830468
34 1.500638 0 .002448 376.9849 16.36728 0.827841
34.5 1.500284 0 .002451 371.6881 16.3987 0.82585
35 1.500027 0 .002536 371.8237 16.50441 0.826888
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35.5 1.500417 0 .002528 372 .6746 16.62287 0 .83304
36 1.66982 0 .004137 376.4985 19.50826 0.948278
36.5 1.748927 0 .006232 490 .8695 23.51912 1.048092
37 1.748545 0 .006278 527.1245 24.37076 1.052984
37.5 1.750343 0.006573 528 .9341 24 .42404 1.032089
38 1.740657 0 .006599 520.0082 24.67458 1.050549
38.5 1.747104 0 .006384 534.9475 24.53956 1.036958
39 1.744454 0 .006872 518.0581 24.67963 1.052571
39.5 1.742866 0 .006276 534.9573 24.637 1.031127
40 1.747651 0 .006446 532.6365 24.65397 1.050774
40.5 1.738298 0.00662 523.3315 24.90893 1.046664
41 1.744293 0 .006481 536.9233 24.61353 1.041283
41.5 1.74107 0 .006901 521.745 24.84888 1.055113
42 1.740148 0 .006341 538.741 25.01072 1.044746
42.5 1.743972 0.006695 536.8719 24.8641 1.043241
43 1.735558 0.006443 527.7273 24.78312 1.048635
43.5 1.743448 0 .006647 538.9159 25.10291 1.059352
44 1.784512 0.00712 528.1817 25.65688 1.068707
44.5 1.987098 0 .010691 607.1043 31.45841 1.23473
45 2.064459 0 .01404 736.8709 36.73323 1.337202
45.5 2.059896 0 .014366 780.8477 37.42889 1.332247
46 2.056677 0 .014447 774.8045 37.52577 1.332432
46.5 2.057158 0 .014311 788.1292 37.67143 1.337351
47 2.054194 0 .014326 778.0568 37.61317 1.334178
47.5 2.056275 0.0144 786.6928 37.66143 1.334696
48 2.051679 0 .014294 783.2493 37.76231 1.332323
48.5 2.054593 0 .014559 789.2241 38.029 1.34116
49 2.049644 0 .014475 784.3945 37.94468 1.345614
49.5 2.051477 0.014612 792.4942 37.77712 1.339318
50 2.050024 0.014193 793.964 37 .97766 1.334119
50.5 2.048982 0 .014348 784 .7594 38.19813 1.345573
51 2.050102 0 .014371 796.0799 37.88781 1.341527
51.5 2.070787 0.014929 787.6696 38.59865 1.353018
52 2.265503 0.020189 841.5861 44.27773 1.489802
52.5 2.277609 0 .022398 979.9982 47 .78967 1.541071
53 2.274291 0 .022897 987.0537 48 .06376 1.540779
53.5 2.274145 0.022549 989.7139 48 .11961 1.537356
54 2.272914 0.022509 985.3696 48.1851 1.54156
54.5 2.2698 0 .022248 988.0018 48 .21642 1.540609
55 2.269108 0.022572 995.0802 48 .23385 1.544385
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55.5 2.269653 0.022382 988 .9384 48 .29754 1.539184
56 2.266282 0.022541 991.5262 48.42763 1.544258
56.5 2.265167 0.022191 1001.176 48 .7061 1.548557
57 2.265777 0.022622 1000.251 48 .6016 1.554348
57.5 2.263757 0.023117 994 .8024 48.44053 1.547488
58 2.263743 0.022713 1004.108 48 .90614 1.549406
58.5 2.263832 0.022702 1006.442 48 .7805 1.558399
59 2.260402 0.022855 1001.465 48 .90602 1.549495
59.5 2.26065 0.02278 1008.448 48 .94121 1.561891
60 2.267511 0.022792 1004.137 49.35567 1.558898
60.5 2.37785 0.026061 1020.565 52.40368 1.627317
61 2.446972 0.031012 1133.27 56.79925 1.706782
61.5 2.442267 0.030941 1173.346 57 .79444 1.711817
62 2.440394 0.030903 1180.903 57.74325 1.717933
62.5 2.438663 0.031792 1185.281 57 .6924 1.711089
63 2.43733 0.031335 1186.284 58.1343 1.718883
63.5 2.435546 0 .031354 1179.662 57.70435 1.713502
64 2.433159 0.031539 1181.535 58.14555 1.717858
64.5 2.433761 0.031438 1178.933 57.82508 1.720801
65 2.433533 0.031236 1179.9 58.1372 1.712383
65.5 2.431299 0.031209 1188.259 57.95359 1.721274
66 2.427971 0.031807 1189.051 58.48439 1.725871
66.5 2.424966 0 .031706 1196.59 58.40933 1.722102
67 2.422541 0.031465 1198.766 58.49551 1.727601
67.5 2.420705 0.031389 1201.249 58 .65464 1.730107
68 2.417664 0.031368 1205.453 58.90215 1.732627
68.5 2.41726 0.031223 1205.457 58.95015 1.733939
69 2.413195 0.031771 1207.881 59.19149 1.741514
69.5 2.409569 0.03172 1214.012 59 .0968 1.739405
70 2.38055 0 .031684 1211.567 59.05679 1.731427
70.5 2.194129 0.024348 1152.639 52.97342 1.609548
71 2.038759 0.018125 995.9953 45 .83179 1.476002
71.5 1.885928 0 .013206 850.9325 38.75233 1.331409
72 1.686629 0.008402 694.4609 31.06871 1.162149
72.5 1.527502 0.005025 570.0109 24.98889 1.009812
73 1.313061 0 .002374 425.7922 17.80443 0.807871
73.5 1.094977 5.35E-05 304.9273 12.13519 0.630657
74 0.898422 -0.00242 223.7897 7.054546 0.438137
74.5 0.708562 -0.00245 81.21733 3.552648 0.262922
75 0.551173 -0.00327 0 2.369452 0 .210506
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75.5 0.17852 -0.00361 0 0 0 .048528
76 0.042137 -0.00513 0 0 0 .043247
76.5 0.000932 -0.00559 0 0 0 .042015
77 -0.00391 -0.00561 0 0 0 .042346
77.5 -0 .00526 -0.00561 0 0 0 .042908
78 -0 .00584 -0.0056 0 0 0 .042572
Table 8.6 Experimental data (nine-bulb load) - 2
Experimental Data (Nine-bulb Load) - 2
Time
(s)
Supply
Pressure
(bar)
Exhaust
Pressure
(bar)
Volumetric 
Flow rate 
(L/min)
AC
Voltage
AC Current 
(A)
0 1.608289 0.000617 149.1262 4 .717838 0 .949046
0.5 1.749807 0.002055 183.4756 8 .077468 1.040971
1 1.863328 0.003385 295.2067 13.28225 1.11826
1.5 1.956017 0 .005144 394.3743 19.94048 1.102382
2 2.042953 0 .007846 506.516 25.92257 1.148229
2.5 2 .12964 0.010458 630.3815 31.3009 1.227743
3 2.282875 0.013915 696.0041 37.34895 1.349691
3.5 2.293891 0.015933 828.458 40 .44988 1.387283
4 2.286774 0.016082 845.5559 40 .87468 1.39681
4.5 2.282186 0.016321 856.557 41 .44704 1.397843
5 2.276988 0.016402 865.2079 41 .73412 1.413213
5.5 2.275036 0.016295 864.8441 42.19895 1.418267
6 2.269886 0 .016434 869.525 42 .53778 1.423936
6.5 2.267019 0.016695 878.6818 42 .72397 1.432933
7 2.264365 0.016465 885.3938 42 .60246 1.426455
7.5 2.261393 0.01669 880.9714 43.1963 1.436983
8 2.258057 0 .016986 889.1654 42.85932 1.430092
8.5 2.257199 0 .016794 887.1492 43 .28488 1.444691
9 2.254 0.016945 892.9505 43 .42636 1.438868
9.5 2.251675 0.0169 896.4801 43 .37161 1.438131
10 2.248168 0.01699 892.6445 43 .44114 1.442262
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10.5 2.246181 0.017358 900 .8591 43.61463 1.446231
11 2.244116 0 .017166 896 .1194 43.6308 1.446191
11.5 2.242446 0.017329 902 .8101 43.70021 1.447248
12 2.239469 0.017303 898.3403 43.80143 1.449229
12.5 2.238222 0 .017334 905 .6739 43.91879 1.4529
13 2.245272 0.017555 900.4453 44.01641 1.457235
13.5 2.410377 0 .021404 927 .6044 48.67292 1.56145
14 2.465283 0.024455 1046.094 52.27166 1.610371
14.5 2.562619 0.028523 1134.303 56.71855 1.693836
15 2.654146 0.033095 1170.165 60.2369 1.75867
15.5 2.667333 0.034403 1274.574 63.119 1.797893
16 2.661203 0.035533 1286.385 63.30916 1.796578
16.5 2.657198 0.035909 1288.284 63.54448 1.802923
17 2.654977 0.035707 1291.155 63.62924 1.805619
17.5 2.653398 0.035683 1294.953 63.80526 1.802401
18 2.649575 0 .036399 1301.527 64.28352 1.813667
18.5 2.648125 0.036548 1304.265 63.98096 1.812194
19 2.645948 0.036308 1308.473 64.55981 1.816988
19.5 2.645127 0 .036286 1308.507 64.12907 1.809409
20 2.6433 0.036353 1307.892 64.53214 1.822164
20.5 2.641091 0 .036486 1305.976 64.49004 1.813041
21 2.638816 0.036393 1308.171 64.33596 1.817016
21.5 2.64266 0.0364 1310.348 64.69623 1.825041
22 2.793577 0.042671 1326.587 69.4352 1.908626
22.5 2.866519 0.049092 1466.608 73.6035 1.964317
23 2.953301 0.05609 1567.579 78.88079 2.052236
23.5 3.028703 0.062043 1613.693 82.27573 2.094952
24 3.021438 0.063365 1685.223 83.70777 2.117159
24.5 3.021711 0.063292 1686.626 83 .42144 2.114663
25 3.015538 0.06349 1697.285 84.13455 2.117689
25.5 3.013335 0 .063766 1701.358 84.13581 2.120568
26 3.002364 0.064922 1709.423 84.56325 2.128789
26.5 3.00381 0.064615 1712.384 84.82519 2.131917
27 3.003285 0.064695 1712.691 84.92962 2.13625
27.5 2.997435 0 .065296 1725.229 84 .9274 2.13535
28 2.998874 0.06545 1717.555 85.37459 2.135379
28.5 2.996084 0.065122 1724.271 85.20043 2.142293
29 2.992731 0.066163 1726.719 85.57139 2.138937
29.5 2.995768 0.064869 1722.677 85.14145 2.140665
30 2.994467 0 .065358 1726.744 85.56522 2.140006
203
Appendices
30.5 2.993584 0.065999 1728.157 85 .19911 2.139732
31 2.989902 0 .065287 1729.158 85 .73756 2 .147798
31.5 3.045067 0.069269 1732.385 87.15671 2.166089
32 3.083651 0 .072731 1790.43 89.00203 2 .194041
32.5 3.118163 0 .077248 1836.628 . 91 .21595 2 .229231
33 3.163071 0 .082014 1849.122 93.26085 2 .254216
33.5 3.16835 0 .082861 1898.056 93 .89072 2 .262251
34 3.187227 0.083865 1912.227 94 .97646 2.278273
34.5 3.186427 0 .083331 1917.792 95 .20206 2.278451
35 3.185001 0 .083526 1922.859 95 .50021 2 .281308
35.5 3.181385 0.08466 1929.038 95.69673 2 .290444
36 3.182299 0.08482 1929.289 95 .43598 2 .282659
36.5 3.182821 0.085309 1934.142 95 .9898 2.289369
37 3.183325 0 .085827 1938.842 95.49808 2.284931
37.5 3.179995 0 .08654 1937.021 96 .22786 2.2946
38 3.18133 0.087225 1939.458 95 .75734 2.285005
38.5 3.181906 0.086345 1937.09 95 .9758 2.294303
39 3.18501 0 .085716 1937.084 95 .78918 2 .283044
39.5 3 .184914 0 .086346 1933.04 95.86388 2 .29407
40 3.176489 0.086367 1946.703 96 .36188 2 .295438
40.5 3.181779 0.085833 1942.743 95.87639 2.284769
41 3.185704 0.086825 1934.896 95 .79406 2.293492
41.5 3 .180556 0.087277 1932.795 96.23681 2.291913
42 3.180118 0 .086189 1942.698 95 .7873 2.286612
42.5 3.188304 0 .086971 1940.225 96 .3552 2.298452
43 3.192473 0.087761 1956.359 96.79039 2.300341
43.5 3 .196904 0.089735 1953.157 96.92559 2 .304134
44 3.20195 0.089303 1953.219 96.94801 2.308579
44.5 3.199607 0 .08921 1962.635 97.06812 2 .30254
45 3.203755 0 .090284 1963.67 97.38853 2.31241
45.5 3.206805 0.089222 1957.922 96 .97386 2 .304744
46 3.208387 0.087618 1966.933 97.27265 2 .306004
46.5 3.213358 0.088359 1961.981 96.92933 2.307553
47 3.213922 0.087705 1954.996 96.90093 2.302051
47.5 3.218462 0.087652 1959.854 97.13803 2.304848
48 3.223432 0.08967 1958.089 96.91881 2 .307096
48.5 3.2396 0 .08902 1953.207 96.78015 2.303777
49 3 .26054 0.088499 1962.447 97 .11087 2.302352
49.5 3 .271144 0.089353 1971.877 97 .3497 2 .314626
50 3.279301 0.088041 1970.226 97 .70866 2.312198
204
Appendices
50.5 3.278603 0.088498 1979.61 97 .53444 2.310431
51 3.286249 0 .087796 1966.48 97.35635 2.31483
51.5 3.283405 0.087488 1972.576 97 .7779 2.316442
52 3.405671 0.094617 1975.532 99 .83394 2 .34954
52.5 3.660094 0 .126094 2155.977 111.9501 2.511923
53 3.649494 0.131632 2313.216 114.4781 2 .540736
53.5 3.641005 0.130805 2317.775 114.3133 2.536903
54 3.646821 0.13168 2318.871 114.4369 2.533866
54.5 3.650189 0.129359 2327.761 114.9075 2.544923
55 3.656902 0 .129474 2324.386 114.605 2.53827
55.5 3.669159 0.127042 2323.305 115.0392 2.547966
56 3.677573 0.128557 2333.172 114.7675 2.538841
56.5 3.685951 0.128537 2327.572 114.8818 2.547964
57 3.679001 0 .127437 2331.766 115.2444 2.548627
57.5 3.680576 0 .128216 2332.916 115.0292 2.543035
58 3.68538 0.127942 2328.832 114.7873 2.544264
58.5 3.675544 0.131135 2339.059 115.3264 2.551655
59 3.672803 0 .129734 2339.89 115.4872 2.552657
59.5 3.675827 0.129419 2342.078 115.5709 2.555375
60 3.677768 0.127947 2346.125 115.598 2.558479
60.5 3.676558 0.12931 2345.019 115.4495 2.557697
61 3.671016 0.128591 2354.514 115.7028 2.554408
61.5 3.674091 0.127003 2347.82 115.8786 2.563945
62 3.665342 0.126599 2359.746 115.5191 2.554603
62.5 3.651728 0.122573 2345.108 115.3063 2.550767
63 3.631946 0 .120394 2323.952 114.5072 2.534133
63.5 3.595323 0.115582 2298.075 113.1912 2.516551
64 3.550892 0.10962 2253.022 110.8388 2.486473
64.5 3.499247 0.106858 2209.394 108.6832 2.457259
65 3.453762 0 .098498 2145.024 105.6436 2.418618
65.5 3.455732 0 .099124 2128.078 105.1766 2.415397
66 3.448725 0.097969 2129.484 105.3818 2.417829
66.5 3.444319 0.096651 2126.848 105.4445 2.418677
67 3.44476 0 .097118 2127.139 105.4071 2.417987
67.5 3.438392 0.097762 2135.735 105.4606 2.418425
68 3.379312 0 .092561 2130.955 103.6883 2.395949
68.5 3.296418 0 .083616 2072.138 100.2523 2.341213
69 3.195719 0.075553 1994.21 95.66572 2.287176
69.5 3.084758 0 .066158 1885.262 90.64181 2.21135
70 2.974051 0.056362 1780.987 85.42839 2.130722
205
Appendices
70.5 2.892853 0 .049943 1669.483 80 .46704 2.067556
71 2.906919 0 .048426 1614.596 79.62965 2.054358
71.5 2.906005 0 .049488 1615.179 79 .44054 2.057659
72 2.908975 0 .048754 1605.934 79.56331 2.055613
72.5 2.915279 0 .048558 1596.224 78 .77494 2.046765
73 2.910856 0.04965 1602.173 78 .90194 2.044242
73.5 2.912951 0 .048844 1596.044 79 .06056 2.04717
74 2.909951 0 .048605 1598.121 78.94553 2.050371
74.5 2.908937 0 .049345 1597.121 78.74508 2.048019
75 2.908563 0 .049087 1593.663 78.71121 2.04271
75.5 2.802231 0 .044414 1589.026 75 .64231 1.988857
76 2.697761 0 .037475 1466.304 70.70215 1.913499
76.5 2.569983 0.031312 1380.191 64.99912 1.819287
77 2.446186 0.025763 1266.552 59 .14858 1.722033
77.5 2.308335 0 .020304 1145.302 53 .06206 1.608798
78 2.167669 0 .015838 1017.658 47 .6091 1.504078
78.5 2.073048 0.011813 865.3193 41 .08382 1.39243
79 2.075301 0 .011747 834.7951 40 .39748 1.38207
79.5 2.076277 0 .011598 829.4309 39 .90729 1.375909
80 2.073364 0 .011567 829.6104 40 .19571 1.389323
80.5 2.073251 0.011557 829.0306 40 .29068 1.382354
81 2.07421 0 .011196 832 .0609 39 .77414 1.373038
81.5 2.072774 0 .011596 832.2493 40 .09592 1.386385
82 2.071015 0 .011681 828.3495 39.99121 1.373739
82.5 2.069656 0 .011697 829.8706 39.85005 1.383787
83 2.073066 0 .011628 826.013 39.76359 1.367563
83.5 2.071602 0.011719 820.2853 39.74287 1.381402
84 2.070319 0 .011868 818.8086 39.54307 1.368062
84.5 1.909679 0.009272 817.8034 36.06439 1.276233
85 1.756363 0 .006211 664.368 29 .87176 1.139551
85.5 1.587477 0.004119 562.9536 24.45129 0.994722
86 1.459877 0 .002197 432.91 19.25685 0.869598
86.5 1.284356 0.00109 377.3915 15.32655 0.741335
87 1.076535 -0.00015 277.665 10.31112 0.570208
87.5 0.920912 -0.00065 192.5223 7.181233 0.459681
88 0.777301 -0.00132 125.9529 4 .440943 0.328862
88.5 0.661404 -0.00193 0 1.992887 0 .193126
89 0.456818 -0.00121 0 0 0.126449
89.5 0.078664 -0.00147 0 0 0 .026084
90 0.003414 -0.0023 0 0 0.026264
206
Appendices
90.5 -0.00412 -0.00237 0 0 0 .025836
91 -0.00572 -0.00241 0 0 0.025939
91.5 -0.00661 -0.00243 0 0 0.025895
92 -0.00693 -0 .00234 0 0 0 .026275
92.5 -0.00708 -0.00237 0 0 0.025692
93 -0.00712 -0.00232 0 0 0 .025841
207
